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LEPROJECT

ProblemCheckiftheSteinWatkinsdatabaseofEllipticCurvesofprime
conductor(upto<10

8
)iscomplete.

ToolsSupersingularj-invariantsoverFp,modularpolynomials.

TheoremThereexistsanisomorphismcompatiblewiththeactionofHecke
operators,betweenM

0
Np⊗CandthesubspaceS2(Γ0(Np))generatedby

thenewformsoflevelNpandoldformscomingfromthecuspformsof
weight2andlevelpd,d|N.

Method“Anysufficientlyadvancedtechnologyisindistinguishablefrom
magic".(A.C.Clarke’sthirdlawofprediction)

QGivenaoflistofnumbers(traces)andN...isthereanellipticcurveEoverQ

withconductorN?



MOGALGORITHM

Givenp,N,findallsupersingularpointsonX0(N)(Fp
2)(wheregenus

X0(N)=0)

•FindaSSj-invariantbyfirsttryingtheFp-rationalones(theseareclassnumber
1j-invariants).OtherwisefindsomeD(small)suchthat(

D
p)6=1,anduseany

rootinFp
2ofHD(X)∈Z[X],whereHDistheHilbertClasspolynomial.

•IfN=1useΦ
(1)
2(X,Y)(ClassicalModularPolynomial)tosolveforallSS

j-invariantsinFp
2.IfN>1,useΦ

(N)
2(X,Y)(DedekindEtaModular

Polynomial).

WenowhaveabasisforourSSmoduleM=⊕
h
i=1Z[xN,i]

{xN,i}=SS(Fp
2)⊂X0(N)(Fp

2)∼=¶
1
(Fp

2)

•IfN>1thenuseΨN(xN,j)(CanonicalDedekindModularPolynomial)to
solveforxN,i.e.letjrunthroughSSj-invariantsdeterminedaboveandsolve
forallrootsxN.



PICKINGASSj-INVARIANT

defsupersingular_j(FF):

prime=FF.characteristic()

ifnot(rings.Integer(prime).is_prime()):

raiseValueError,"%sisnotaprime"%prime

ifrings.kronecker(-1,prime)!=1:

j_invss=1728#(2^2*3)^3

elifrings.kronecker(-2,prime)!=1:

j_invss=8000#(2^2*5)^3

elifrings.kronecker(-3,prime)!=1:

j_invss=0#0^3

elifrings.kronecker(-7,prime)!=1:

j_invss=16581375#(3*5*17)^3

elifrings.kronecker(-11,prime)!=1:

j_invss=-32768#-(2^5)^3



elifrings.kronecker(-19,prime)!=1:

j_invss=-884736#-(2^5*3)^3

elifrings.kronecker(-43,prime)!=1:

j_invss=-884736000#-(2^6*3*5)^3

elifrings.kronecker(-67,prime)!=1:

j_invss=-147197952000#-(2^5*3*5*11)^3

elifrings.kronecker(-163,prime)!=1:

j_invss=-262537412640768000#-(2^6*3*5*23*29)^3

else:

D=supersingular_D(prime)

DBCP=HilbertClassPolynomialDatabase()

hc_poly=rings.PolynomialRing(FF)(DBCP[D])

root_hc_poly_list=list(hc_poly.roots())

j_invss=root_hc_poly_list[0][0]

returnFF(j_invss)



COMPUTEHECKEOPERATOR(BRANDTMATRIX)

GivenN,p,{xN,i}=SS(Fp
2)

•ComputationofHeckeoperatorsTlforl=2,3,5,...needtoconstructthe
graphsofl-isogenies.

•LetlbefixedanduseΦ
(N)
lpolynomial.Fori=1,...,h,solveforrootsof

Φ
(N)
l(xN,i,Y)=

∏h

j=1(Y−x
eij

N,j)

•SetTl=(ei,j)...Incidencematrix.

•Notethereareexactlyl+1rootsforeachi,i.e.
∑h

j=1eij=l+1(l6=pand
l-N).Ifl|Nthentherearelroots.



SWDB

•CheckiftheSteinWatkinsdatabaseofEllipticCurvesofprime
conductor(upto<10

8
)iscomplete.

•Insearchof1-dimeigenspaces.Commutingoperatorspreserve
eigenspaces:SayS(f)=a·f.Then
S(T(f))=T(S(f))=T(a·f)=a·(T(f)).

•SturmBound:tocomputeHeckeoperatorsTloneigenspacesfor
l≤

p+1

6



OPTIMIZATIONS

•Dictionaries...hashing

•Writingoptimizedcode...polynomialringarithmetic

•T2.kernel()...smallerdimensioneigenspaces...nowdo
Tl.decomposition_of_subspace()foralll>2instead

ps:Mat.copy()



FUTURE

•X0(Np),wheregenusX
+

0(N)=0(currentlyN=1)

•LeverageAtkin-Lehnerinvolutionsinenumerating1-dimeigenspaces
using.

•Stein-Watkinsdatabaseprimeconductorsupto10
8

ps:Limitations



RESULTS

•Coderanfor>19hourssanscrashing.About(first)1000primeslevels
ofSWDBhavebeen“verified".

•SupersingularModulepartofsagerepository

ThankstoLassinaDembélé,StephanieJakus,DavidKohel,
WilliamStein,MSRI...


