manuscripta math. 78, 369 - 380 (1993) manuscripta
mathematica
© Springer-Verlag 1993

PERIOD MATRICES
OF
HYPERELLIPTIC CURVES

Bernhard Schindler

1 Introduction

To fix notation let me first recall the definition of a period matrix of a hyperelliptic

curve.
Let C be a hyperelliptic curve over C of genus ¢ > 1. Then H(C,f¢) = C¢ and
Hi(C,2Z) = m,(C,po)™ = Z% and we get an embedding

Hi(C,Z) — HY%C,Qc)"
v — f'r .
such that the image is a lattice in H(C,Q¢)*. The quotient
Jac(C) = H(C, N6 )* /H:(C, Z)

is a complex torus, allowing a principal polarisation defined by a hermitian form on

HO(C) QC)
(wl,wg) — /W1 A @y
or equivalently by a symplectic form on H1(C, Z)

("/1»‘72) =7 Y2

the intersection product. The importance of Jac(C) is underlined by the following
theorem.
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Theorem 1 (Torelli) The principally polarized abelian variety Jac(C) determines
the curve C upto isomorphism.

If a symplectic basis v;,...,7,81,...,8; of Hi(C,Z) and a corresponding basis
Wi, .. - wy of H(C,Q¢) such that

/w—{ 1fori=j
- ! 0 fori+#j

is chosen, the principal polarized abelian variety Jac(C) is determined by the period
matriz Il = (r;;) = (fs, w;). Riemann’s relations say that IT € , = {Z € My(C) :
Z' = Z and ImZ > 0}. In 1888 Bolza [1] succeeded in describing period matrices
for hyperelliptic cuves of genus 2 with extra automorphisms. In this paper it will
be shown how a period matrix can be determined for a given hyperelliptic curve C
of arbitrary genus posessing an automorphism of reduced order of at least 2g.

For this, let o be an automorphism of C and consider its representations ¢* on
H%(C,Q¢) and o. on H;{(C, Z). With respect to the bases considered above o* and
0. can be described by matrices L € GL,(C) and

M= (g i) € Sp,(Z).

The transformation formula gy W= f,y o*w will then result in equations for II:

11 = (AIl + B)(CTl + D)~ (AEX)

and

L=CI+D (DII).

The hyperelliptic curve given by the equation w? = p(z) where (degp = 29+ 2 or
2g + 1) has a simple basis of H°(C, Q¢ ):

dz Lz e
w' w7 w
If L' € Gl;(C) describes o* with respect to this basis, we get
oi(lY=o:(CI+D) (i=1,...,9) (DIS)

where 0;(L) are the coefficients of the charcteristic polynomial of L.

All automorphisms of a hyperelliptic curve C 2L, P! are liftings of automorphisms
of P! operating on the set of 2¢g + 2 branch points. Let G = Aut(C) = Aut(C)/ <
¢ >C PSl3(C), ¢ the hyperelliptic involution, be the reduced automorphism group.
The operation of the automorphism group Aut(C) on C can be described by the
number of G-orbits of branch points in P! of a given length. We get the following
types of hyperelliptic curves with automorphism structure having s moduli (see [2]).

type G g restrictions
(s+Urp _ (s+Dr+p=010(2)
T e N 9
. gr =
> g

Drlorarp) (r28) | Dr | srtpty 1 1€ {0.1,2), p.c {0,1}
Vi(s, ) Vi |2s+¢-1 g€1{0,1,2,3}
Ay(s, k,€) Ay | 6s+3k+2e—1 ke {0,1},e€ {0,1,2}
Ss(s,k, f,€) Se 1125 +6k+3f +4e—1 k,e,f € {0,1}
As(s. k., e) As 1305 + 15E 5 10 + 6c —1 | e, f € {0,1}
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Figure 1: Curves of type Dg(0,1,0) (¢ = 3)

Thus eventually {g > 30) only for the cases Dygy42(0,1,0), Z5041(0,1) and Dqy(0,1,1)
there will be just a single curve of this type. So these seem to be the most rewarding
cases to be considered.

Let ¢, = exp(&™ 1) denote the n-th root of unity. For

M= (g i) € Sp,(Z)

n _. Dn Cﬂ
= (5 5.

I wish to express my cordial thanks to my teacher Prof. H. Lange for his advice and
encouragement.

we set

2 Curves of type Dgg.2(0,1,0)

Theorem 2 The period matriz of the hyperelliptic curve with equation w? = z
1 can be given by

2942 _

2(j=v)+1
k 14 cosZ= 17r 1 + cos =utl,

g+1 g+l : :
; - i k<)
Thi = s 1 E o 21 2v Ly sin 2L ) (k< J)

g+1

Proof, On the curve C we consider paths n; that are liftings of the paths 7; in
figure 1, such that
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N0« . Mag41 ~ 1.

A symplectic basis can be given by (: = 1,...,9)

Y = [n2i-1mail,
b = [712:'—1"'770]-

The following two automorphisms operate on C:

and

T(Z, w) = (C29+22, :tw)

1
Ty(z,w) = (-, 20y,

The operation of T on H;(C,Z) is given by

T { nj = 4 (]=07,29)
. MN2g+1 = Mo
thus 5 o
o - _ i —0ip1 1< g
T-‘)l‘l = {’72&”2!-}-1] = { 65 ‘L =g
T.6 = [mmi-i-m] = —m—m—...—%
or
o ... ... ... 01 -1 0 ... 0
_— Cog e el :
: 0
: -1
0 0 0 0 1
M= -1 0 0 0
: 0 oo
-1 ... .. -1 0 ... ... ... O
The operation on H°(C,Q¢) is described by
Ggsz 0 oo e e 0
0 &, O .0
Lo . .. . .
0 . ... 0 & 0
0 0 ng+2

Then

€ Sp,(Z).
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and M*(I1) = A;TID;! = II yields the following equations

T = 11— Tign1 — Tri41 1 Fid1g41 (i,7<g)

Toi = M= (7<9)

Tig = Mi1—Tip1a (8<9)

Mgy = T1,1-
Substituting o; := 7 ; one gets

= —kay + Z o; + Za, —i+1 (k <1).
j=1
And the ¢;’s satisfy the following relations
a,'+1+ag_.-+1 = o (Z=1,,g—l)
g
220.‘ = (g+ 1)01
=1
On the other hand
1
Te(cn+ D) = $1iq
2
g+1 .
Tr(Coinll+ Doina) = (- +2a1) (1=1,...,9-1)
and forz=1,...,9—1 \
i+1
Tr (L2v+1) 1+ <29+'2

So we get for o; (1 =1,...,9)

1+ 3700

2t+1
1- <2g+2

Q; = 1
g+1 1"ng+2

and for 1 <k<:i<g:

+ 1+ (ag42
1- <23+2

Tk =
N A
gttt - -
R ( 1+Gi . 1+c§;;z)
- g+1 Z Czélé j=§+l (22;+; .
Theorem 2 follows from
LG Lo
(22;“1,_ smﬁw "
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Figure 2: Curves of type Z7(0,1) (g = 3)

3 Curves of type Zgg41(0,1)
Theorem 3 The period matriz of the hyperelliptic curve with equation w? = z(z**1-
1) can be given by

where .
_ { (2;Hl if g even
~(aop1 if g odd

and the reduction formula

itk
N Cad DY c e )
™ L+ Gon

t=1,...,9g—1.

Proof. The reduced automorphism group is generated by
T(z,w) = (Cog412, (gpr ).
We define the symplectic basis of C in the same way as in section 2 using figure 2.

We get

Mo
N2g41 M M
Mo Lan g /11]

7 adl 770 (F=1,...,29)
T.:
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-1

where 1° is conjugation of 7; by the inverse of 5. Thus

- oo hi—bi i<y
T.’Y. - [7’217721-4-1] - { 6_0 l - g
Ta(si = [172‘772‘-_1 e 7737]27]0] = [172‘»7]2'-_1 e 7737]27]17]1770] —
= —nucima] — ...~ ana) = [mme] + [mmo] =
= =%—...—Y—mn+é.
or
0 0 1 -1 0 0
| :
F 0
5 -1
0 0 0 1
M=1_ % 01 0 € Sp,(Z)
0
-1 -1 1 0 0
and
G0 L 0
0 G oo ... ... 0
L= h
0 .. ... 0 &GIo0
0 .. 0y

Consider the equation M?(I1) = (A1l + B;)(CoIl + Dp)~! = 1I:

(=14 my1)mij

(=1 + mipn)(1 = m1,541)
+ i1 (1 + 71)

(14 m)mg; = —1+mn (1<j<g-1)
(—1 + 171_1)7r.-,g = -1 + 7l'.'+1'1 (1 S Z S g - 1)
(—1 +1r1_1)7r” = -1

Set Ty = 1 — 7"1,.’

And the 7;’s satisfy:

(i=1,...

n(l—my) = Zrk'rj_.-+k.

k=1

,9); for 1 <: <j < g we have:

T —Tiy1 = E ThTgmitk (z g —1)
k=1
g
T — 1 = TZ

k=1
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The characteristic polynomial of C,I1 4 D is easily seen to be

g-1

charpol(Coll + Dy) = X* + Y 751 X7.

=0

Because L' is similar to C;II + D; we get:

There are two ways to express the polynomial Hg_l (X = i1

g-1
H(X G =X+ maX.

=1

J=0

(25-1)

characterististic polynomial (here ¢ := {2441):

[Ix - =

i=1

and

9

H(X (Sl
g~1

X+ (i X
j=0

[Tx-¢®) =

=

1

1)9X9H¢2’ ) H(X' —¢H

J=1

g-1

Xor (X0 4 3 i X7)

g-1

j=0

1+ er+1Xg_j).

Comparing the coefficients:

Thus

Jj=0
Cg-JTj+1 = Tl‘ng ~j+1 (.7 =1,...,9— 1)
Cgﬁ = 1 l.

1

I

it

(-

1y

L = (-

Jo¢ s (35-1)

_ ¢ % g even
(-1 —{ o 1o

-

—1

J—l C’b—

(+1

= ¢

) by means of this
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Figure 3: Curves of type Dg(0,1,1) (g = 3)

And we get the following reduction formula

i
Tit1 = T1— Z TeTg—itk
k=1
n(1 = 3, M nn i)
Ti+r = 14¢-

t=1,...,9—1).

This proves theorem 3.

4 Curves of type Dy (0,1,1)

Theorem 4 The period matriz of the hyperelliptic curve with equation w

1) can be given by I1 = (w4 ; )k j=1,..°

™y = q (1=1,...,9)
Tk = _202 (k = 2) )g)
Thi = Cjkt1 —Q-ks2 (2<k<j<yg)

if ay € C is defined by

1 g
oy = 5(—02 -_ Zaj _ 1)
j=2
9 2k-3
o = Sy (k=2,

377

= z(2¥9~
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Proof. The reduced automorphism group is generated by T'(z,w) = ({242, £{sw)
and Ty(z,w) = (1, +279*w). The symplectic basis on C is defined as in section 2
using figure 3. Here

Mo — 7o
) = 713_1
T. M2 g
UH Lans 77:4_-} (]=37 729)
Mgtr — M
thus
Ty = [nanamams] = [nama] = =62 + 6
bi—bipn 1=2,...,9-1
Tovi = [Mmineisl] = Lo
7 [772772+1] {59 i=g
T.6y = [nano] = [namamammmne] = —1 + 62
T.6: = [n2im2iz1 - Nananano)
= —[m-1ma] =~ (n374] + [m273] + [1370]
-1 =Y = -..— Y+ 61 (i=2,...,9).
and thus
0 0 1 -1 0 0
0 . :
: 0
: -1
6o ... ... ... 0 O ... ... O 1
M=1 1% 0 01 o .. 0|52
: 0
: C | : 0
-1 ... ... ... =11 0 ... ... @O

Conjugation by

where
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yields
1 0 0 2 0 0
|
~ 1 0 2 1 1
- MS —
M=M= -1 1 0 0 -1 0
0 P00
0
1 :
0 0 -1 0 0/
We see that
g 0 oo o Ll 0
0 ¢, 0 .. 0
U=
0 ... ... 0 G o0
T | R ¢
M(I) = I yields
Ty = 71+ M1+ M2+ 722
Ty = Tt T (2<7<g-1)
g
Ty = —2myy— 2wy — Z(ﬁ,k + k) =1
k=2
M1 = mpat+mae (2<i<g-1)
mii = T (2<47<g-1)
g
Tig = —2Miy11— Z"r"“"‘ 2<i<g-1)
k=2
g
Tgn = =2ma—2ma— Y (e +mha) - 1
k=2
g
Tpi = —2Mjp— Y Tein (2S5 <g-1)
k=2
g g g
Toe = 411+ 22 Ty + Z(zm,k + Z Tmk) T2
k=2 k=2 m=32
Let again o; := m;;. Then we get using the above equations
T, = —20; (2<i<yg)
Tij = iyl —@eivz (254,57 <g)

The «;’s satisfy the following equations

Qip1 = Ogiy2 1=2,...,9—1



380 SCHINDLER

E o = —ap—og—1

In addition to that we see

J . .

Z""‘ ) Qi — iy 3 <2
1,k = . ..

o —Qiyz — Qjmiyy J 21

For1<i<é
Te(Coicyll + Dgioy) = ~gaip

and 2 2i—1

Tr(L2i—1) = 2‘541.0

29 T 1
thus 23
2(4,”
Q = oo Iy (l = 2’- »g)

9(G°-1)
This proves theorem 4. o
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