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P E R I O D  M A T R I C E S  
OF 

H Y P E R E L L I P T I C  C U R V E S  

B e r n h a r d  S c h i n d l e r  

1 I n t r o d u c t i o n  

To fix notation let me first recall the definition of a period matrix of a hyperelliptic 
c u r v e .  

Let C be a hyperelliptic curve over C of genus g > 1. Then H~ flv) ~ C g and 
Hi(C, Z) ~ 7rl(C, p0) ~b TM Z 2g and we get an embedding 

H, (C ,Z)  ~ n ~  * 

3' ~ f ,y" 

such that  the image is a lattice in H~ ~ c ) ' .  The quotient 

Jac(C) = H~ ~c)*/H~(C, Z) 

is a complex toms,  allowing a principal polarisation defined by a hermitian form on 
H~ ~c) / ,  

('1,'2) ~ ] ' 1  A&2 

or equivalently by a symplectic form on Hi(C, Z) 

(71,72) ~ 71 "72, 

the intersection product. The importance of Jac(C) is underlined by the following 
theorem. 



370 SCHINDLER 

Theorem 1 (Torelli) The principally polarized abelian variety Jac(C) determines 
the curve C upto isomorphism. 

If a symplectic basis 71, . . . ,%,~1, . . . ,6g of HI(C,Z) and a corresponding basis 
wl,...,~og of H~ flc) such that 

/ { l f o r i = j  
w, = 0 for i # j 

is chosen, the principal polarized abelian variety Jac(C) is determined by the period 
matrix H = (Tr,j) = (fh, r Riemann's relations say that I IE  .~g = {Z E Mg(C) : 
Z t = Z and ImZ > 0}. In 1888 Bolza [1] succeeded in describing period matrices 
for hyperelliptic cuves of genus 2 with extra automorphisms. In this paper it will 
be shown how a period matrix can be determined for a given hyperelliptic curve C 
of arbitrary genus posessing an automorphism of reduced order of at least 2g. 
For this, let ~r be an automorphism of C and consider its representations ~r* on 
H~ F/c) and a. on H,(C, Z). With respect to the bases considered above a" and 
tr, can be described by matrices L 6 Glg(C) and 

(o A M = B E Spg(Z). 

The transformation formula f ~ , w  = f~ cr*w will then result in equations for i-I: 

II = (All + B)iCH + D)-'  (AEX) 

and 
n = CII + D (DII). 

The hyperelliptic curve given by the equation w 2 = p(z) where (degp = 2g + 2 or 
2g + 1) has a simple basis of H~ flc): 

dz dz 9-' dz 
~ Z ," . . . ' ~  Z - - .  

W W W 

If L' 6 Gig(C) describes a* with respect to this basis, we get 

r = ai(CII + D) (i = 1,. . .  ,g) (DIS) 

where hi(L) are the coefficients of the charcteristic polynomial of L. 

All automorphisms of a hyperelliptic curve C ~:x p1 are liftings of automorphisms 
of P '  operating on the set of 2g + 2 branch points. Let G = Aut(C) = A u t ( C ) / <  

>C PS12(C), t the hyperelliptic involution, be the reduced automorphism group. 
The operation of the automorphism group Aut(C) on C can be described by the 
number of G-orbits of branch points in P '  of a given length. We get the following 
types of hyperelliptic curves with automorphism structure having s moduli (see [2]). 

type G g 

Z~(s,p) (r > 2) Zr ~,+il~+p _ 1 
- -  2 

D r ( s , q , p ) ( r > 3 )  Dr s r + p + = - I  
- -  2 

V4(s,q) V4 2s + q - 1  
A4(s,k,e) A4 62 + 3k + 2 e - 1  
S4(s ,k , f ,e)  $4 
As(S, k, f ,  e) As 

restrictions 
( 2 +  1)r + p -  0 (2) 
pE {0, 1~2} 
qr = 0 (2) 
q6  {0~1,2}, p E {0,1} 
qE {0,1,2,3} 

12s +6k + 3 f + 4 e -  1 k , e , f  6 {0, I} 
3 0 s + l h k + l O f  + 6 e - 1  k,e, f E {0,1} 
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Figure h Curves of type Ds(0,1,0) (g = 3) 

Thus eventually (g > 30) only for the cases D2g+2(0,1,0), Z2g+l(0,1) and D~9(0,I,1 ) 
there will be just a single curve of this type. So these seem to be the most rewarding 
cases to be considered. 

Let G = e x p ( ~ )  denote the n-th root of unity. For 

B e Sp~(Z) 

we set 

B ,  A, ' 

I wish to express my cordial thanks to my teacher Prof. H. Lange for his advice and 
encouragement. 

2 Curves of type D2z+2(0,1,0) 
T h e o r e m  2 The period matrix of  the hyperelliptic curve with equation w 2 = z 2g+2- 

1 can be given by 

1 k 1 + cos 2~(I r  1 + cos ~ T r  
~1 g+l )i (k < j). 7rk,j - g +  1( sin2V-10r + ~ r  - = g + l  Sill .~+1 

Proof. On the curve C we consider paths r/j that  are liftings of the paths rTj in 
figure 1, such that  

r/~ ,,~ 1 j = 0 , . . . , 2 g + l  
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and 
?~o" , . , "  ~2g+1 ~' 1. 

A symplec t i c  basis  can be  given by (i = 1 , . . .  ,g)  

$i = [ , / ~ i -1 '"r  

The  following two au tomorph i sms  opera te  on C: 

T(z, w) = ((2g+2z, -4-w) 

and 
Tl(z, w) = (1,  q_z_(g+l)iw)" 

The  ope ra t ion  of T on HI(C,  Z) is given by 

T. : ~" ~j ~ r/S+~ ( j  = 0 , . . . , 2 g )  
( r/2g+l ~ r/o 

thus 

o r  

T.'I~ [~2,~2,+11 = ~, Sg i = g  
T.6i = [~2~T/2~-1"" ,/1] = -3'1 - 3'~ - . . .  - 3'~ 

M = 

. . . . . . . . .  0 
: " .  

: " . .  : 

: " , .  : 

0 . . . . . . . . .  0 
- 1  0 . . . . . .  0 

: " . .  " . .  

: " . .  " . .  : 

: " ' .  0 

- 1  . . . . . . . . .  - 1  

1 - 1  0 . . .  0 

0 "'.  " ' .  "'. i 

01 

0 . . . . . .  0 1 
0 0 

i 

0 0 

The  ope ra t ion  on H~ ~ c )  is descr ibed  by 

6 Spg(Z) .  

<~i 2 

0 
. . .  

~ 1 7 6  " .  ! , 

" . .  ~  " . .  

g - 1  
. . .  0 r 

g 
. . . . . .  0 <I~+~ / 

Then  02) 
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and M~(II )  = A 2 H D ~  1 = H yields the  following equat ions  

r i , j  = ~i,1 -- ~ri+l,1 -- rrl,i+l + r i+Lj+l  ( i , j  < g)  

71"g,j = 71"1,1 - r l , j+ l  ( j  < g) 

7ri,g = 71"1,1 --  7ri+1,1 (i ( g )  

7rg,g ~ ~'1,1. 

Subs t i tu t ing  a i  :=  ~rl,i one gets 

k k 

~ , ,  : -k~,~ + ~ ~j + ~ ~,-,+1 (k _< i). 
j= l  j= l  

And the a i ' s  sat isfy the  following relat ions 

Oq+l "t- O g - i + l  = 0 l l  (i  = 1 , . . .  , g  - 1) 
g 

2 E ~ ,  -- (g+1/~1. 
i=l 

On the o ther  hand  

g + l  
T r ( C l l + D )  - - - ~ a l  

Tr(C2i+llq + D2i+l )  --  g + 1 ~ -  (--Oq "l" 2Oq+1) 

and f o r i =  1 , . . . , g - 1  

So we get for a i  (i = 1 , . . . , g )  

and for 1 < k < i < g :  

(i = 1 , , . . , g -  1) 

/'2i+1 i + ~29+2 
T~fh ~ . , ~ J i + l  j = I _/-2i+1~2g+2 

1 -1- h29+2 1 -1- ~2g+2 
0 G = - -  - -  F 2 i _  1 + 

"irk, i = 

1 + ~2g+2 1 + ~2~+~ 
- -  r 2 : -  1 + ~2( i - j )+1  g + 1 j= l  - ~2g+2 1 ~2~+2 

_ 1 1 + ~2g+2 1 + ~2g+2 | 

g +----1 1 - -  r2J - I  + --z2"~:Y-1l " 
j= l  ~29+2 i = i - k + l  1 '~29+2 / 

Theorem 2 follows f rom 

r 2j-I 1 + cos 

r 2j-~ - s i n ~ r  1. 1 - s2g+2 

0 
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~ 2  ~1 

Figure 2: Curves of type Z7(0,1) (g = 3) 

3 Curves of type Z2g+1(0,1) 
T h e o r e m  3 The period matrix of  the hyperelliptic curve with equation w ~ -= z ( z  2g+l- 

1) can be given by 

1 i 
ri,j = 1 - - -  ~-~'rkrj-i+k (1 < i < j  _<g) 

T1 k=l 

w h f f r e  

rl = C2~+~j_ ifg 
even 

-r247 il g odd 

and the reduction formula 

i . g - i - t - k - 1  _ 
rl(1 - ~'~k=2 ~2a+1 7"kTi-k+2) i = 1 , . . . , g  - -  1. 

ri+l = 1 + ~u+l 

Proof. The reduced automorphism group is generated by 

T(z, w) = (r (~+~_~w). 

We define the symplectic basis of C in the same way as in section 2 using figure 2. 
We get 

r b ~-~ r/~+l ( j = l ,  .... ,2g) 

7/0 ~ ,  7?0 
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where r/~ g~ is conjugat ion of rh by the inverse of ,70. Thus  

T.Ti = [ r /2 iq2i+l]={ ~ i - ~ i + l  i < g  
6 9 i = g 

T ,  ai = [~aq2i -  , " " r/a'/2r/o] = ['hi '72i-,  " " r/aq~rh rh r/o] = 

= --[~]2i-17~2/] - - ' ' ' - - [7]37]4]  --[~1~2] n t- [~IT/0] = 

= - ' ~ i - . . . - % - 7 1 + 6 1 .  

or 

and 

M = 

0 . . . . . . . . .  0 1 - 1  0 .~ 0 

: ''. : 0 "'. "', "', : 

: "'. : : "'. ''. ''. 0 

: : " �9 - 1  i . , �9 �9 . 

01 ; 0 . . . . . .  0 1 
0 . . . . . .  0 I 0 . . . . . .  0 

: : ' , .  ' , .  .. 

01 : : 
- I  1 0 . . . . . .  0 

L ! = 

/ p9+1 i / 

%2 1 0 . . . . . . . . .  0 

%29-1-1 . . . . . .  

i ".. ' . .  ".. i 
�9 , ' . .  ' .  

~ . . . . . .  p2g-1 
0 %29+ I 

29 . . . . . . . . .  0 r 

Consider the  equat ion M2(yI) = (A2n + B, ) (C2I]  + D2) -1 = II: 

( - 1  + rq,1)~rij = ( - 1  + rri+l,1)(1 - ~r,,j+l) 
+ r i + l , j + l ( - 1  + rl,1) (1 < i , j  <_ g - 1) 

( - l + w l , , ) l r g , j  = - l + r r l j + l  ( l  _< j _< g - 1 )  
(--1 Jl- 7r1,1)'/ri,9 = - 1  + rri+l,1 (1 _< i _< g - 1) 
( - - i  -~ 7r1,1)grg, 9 -~- - - I  

Set ri :=  1 - 7rl,i (i = 1 , . . . , g ) ;  for 1 < i < j < g we have: 

TI -- Ti+l = 

And the  Ti's satisfy: 

rl - 1 = 

i 
Tl( 1 - -  - , ,A  = 

k=l 

i 

Z rkr~_i+k 
k=l 

g 

k=l 

(i = 1 , . . . , g -  1) 

6 Spg(Z) 

(i) 
(2) 
(3) 
(4) 
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The characteristic polynomial of C211 + D2 is easily seen to be 

9 - 1  

charpol(C2II + Da) = X 9 + y].  rj+lX j. 
j=O 

Because L '2 is similar to C~II + D2 we get: 

9 9 - 1  

I I ( x  - , .~,- ,~ = x 9 s~9+1 / + Z rj+1X 3. 
j----I ./=0 

There are two ways to express the polynomial I-[~=1 ( X - s29+l*-(aJ-l)~J by means of this 
characterististic polynomial (here ~ := ~29+1): 

9 

I I ( x  - r  
./=1 

g 

= [ I ( x  - r162 
j = l  

9 - 1  

= X9 + Z ~9-Jr./+lXJ" 
.i=0 

and 

g 

[I(x - r  = 
j = l  

9 9 

= ( _ l ) g x g ( i i ~ j - , ) - i  i i ( x - ~  _ ~ j - i )  
j=l j = l  

9 - 1  

= XgTCl(x  -9 J v Z T j + I X - J  ) 
j=O 

9-1 

= rl-'(1 +Zrj+lXg-J). 
j=O 

Comparing the coefficients: 

~g-Jra+l = rl-lrg-j+l 
(~gr 1 = r1-1. 

T 1 ~--- 

Thus 

r. = 

(j = 1 , . . . , a -  1) 

( - 1 )  a I'[~=l ~2j-1 ,= (_l)g~E~=,(2J-1) 

(_l)g(g,  = g even 
g odd 

_ ~ j _  i 

(1) 
(2) 
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~ 

Figure 3: Curves of type Ds(O,l,1) (g = 3) 

And we get the following reduction formula 

i 

r i+ l  = rl -- E rkrg-i+k 
k=l 

r~(1 - V' i  tg-i+k-~rkr~_k+~.) s b 
Ti+ 1 = 1 + r  -i 

(i = 1 , . . . , g -  1). 

This proves theorem 3. 

7rl ,j 

7r k,k 

7rk,j 

if c~k E C is defined by 

4 C u r v e s  o f  t y p e  D 2 g ( 0 , 1 , 1 )  

T h e o r e m  4 The period matrix of  the hyperelliptic curve with equation w 2 = z ( z  2g-  
1) can be given by II = (~rk,j)~,j=l,...,9: 

= ~j (j=l , . . . ,g)  
= - 2 a ~  ( k = 2 , . . . , g )  
= a j -k+l--a j -k+2 ( 2 _ < k < j < g )  

1 g 
~ = ~ ( - ~  - ~ ~J - 11 

(k = 2 , . . . , g )  
a k  - , ~ 2 k - 3  _ I )  

gt~2g 
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Proof. The reduced au tomorph i sm group is generated by T ( z ,  w) = ((2gz, +(4gw) 
and T l ( z ,  w) = (},-t-z-(g+l)iw). The  symplect ic  basis on C is defined as in section 2 
using figure 3. Here 

{ % ~ r/o 

,q--1 
71. : ~2 ~ ~23 

r/j ~ r/j+1 

r/2g+l ~ rl[ ;-~ 

( j  = 3 , . . . , 2 g )  

thus 

]" 61-61+~ i = 2 , . . . , g - 1  
T.7~ 6g i = g 

T , 6 1  - -  [/73/70] : [?~3~2/]2~17]1/]0] : - " / 1  J -  (52 

T.6{ = [V2{~2~-1 " "  ,14T;3,;3~o] 

= -[~2,-1'72{] - . . . -  [Ya~4] + [q2~3] + [~3~o] 

= -7 1  - 75 - . . .  - 7 / +  61 (i = 2 , . . . , g ) .  

and thus 

M = 

0 . . . . . . . . .  0 1 - I  

: " ' .  : 0 " .  
: " . .  : : 

: ' , ,  : : 

0 . . . . . . . . .  0 0 . .  
- 1  0 . . . . . .  0 0 1 

: "'.  " .  : 1 0 
: . .  " . .  : : 

: "' .  0 : 
- 1  . . . . . . . . .  - 1  1 0 

0 . . .  0 

' ' .  ' ' .  i 

01 

"0' 0 1 
0 

0 

0 
0 

Spg(Z) 

Conjuga t ion  by 

where 

0 
S =  11 T E Spg(Z) 

. . .  0 

0 " ' .  : 

"~176 ~176176 0 

. . .  0 0 



SCHINDLER 379 

yields 

i ( l  = M S =  

We see tha t  

2~/(II) = H yields 

7rl,1 

71"1,j 

7rl ,g 

7ri,1 

1 0 . . . . . .  0 2 0 . . . . . .  

: : : : 1 " ' .  
: , : : : " . .  " . .  

: : : : : ".  

I 0 . . . . . .  0 2 I . . . . . .  

- I  I 0 . . .  0 - I  0 . . . . . .  

0 " ' .  " ' .  " ' .  : 0 0 

: " ' .  " ' .  " ' .  0 ; " '" 

: " ' .  " ' .  I : ' ' .  

0 . . . . . .  0 - I  0 . . . . . . . . .  

i ~ 0 ... 
' . .  " ' .  " ' .  i . 

. . . . .  ] O" ,.2g-3 '~4 9 

o r 

: 71"1,1 -t- 71"2,1 -~ 71"1,2 "~ 7'/'2,2 

= r l , ~ + l + ~ r 2 , j + ~  ( 2 _ < j < g - 1 )  
g 

= - 2 ~ 1 , ~  - 2~2 ,~  - } - -~ ( ,~ l ,k  + , ~ , k )  - 1 
k=2 

= 7ri+1,1 + ~ri+l,2 (2 < i _< 9 - 1) 

~rij = rr i+l j+l  ( 2 < _ i , j < _ g - 1 )  
# 

ri,~ -= - 2 ~ r i + 1 , 1 - E ~ r i + 1 , k  ( 2 < i < 9 - I )  
k=2 

9 

r . , 1  = - 2 , r 1 , 1  - 2 ,r l ,2  - } - ~ ( r k , 1  + r k , , )  - 1 
k=2 

9 

~,,j = -2~,.j+1 - ~ ~k,j+, (2 < j _< g - 1) 
k=2 

g 9 g 

k=2  k=2 m = 2  

Let again a i  :=  rrl,i. Then  we get using the above equat ions  

7ri, i = --2or 2 (2 < i < g) 

r i j  = o i - i + l  - a i - i+2  (2 _< i , j  <_ 9 ) .  

The  a i ' s  sat isfy the  following equat ions  

0'~ 

0 
1 
0 

0 j  

Oti+l - - . . . .=  aa_i+  2 / = 2 , .  . . . .  g -- 1 
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9 

j = l  

In addition to that we see 

---- - - O l  1 - -  O / 2  - -  1 

For 1 < i <  ~ 

and 

thus 

This proves theorem 4. 

J 
K-" f ai-j+l - ai+2 j < i 
A..,k=2 7r~,k 1, --a~+2 aj-i+2 j > i 

Tr(C2~_aII + D2~-1) = --gOq+l 

Tr(L ~i-') = 2~2~ -1 
r 2 i - i  _ i 
%2g 

2d; 
a i -  , ~2 i -3  ( i  = 2 , . .  g ) .  

g(%g - 1) "' 

O 
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