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Abstract

This is a purely expository survey paper on the Duursma zeta func-
tion of a linear block code. SAGE code is used to compute examples.
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Let C be an [n,k,d], code, ie a linear code over GF(q) of length n,
dimension k, and minimum distance d. Motivated by analogies with local
class field theory, in [D1] Iwan Duursma introduced the zeta function Z = Z¢
associated to a linear code C' over a finite field,

P(1)
A-T)(1- )’ W

Z(T) =

where P(T) is a polynomial of degree n + 2 — d — d*, called the zeta polyno-
miaﬁ .

This paper will explore some of the properties of the zeta function and
give examples using the software package SAGE [S].

1 Introduction

A linear code C'is called a [n, k, d],~code if it is a k-dimensional subspace of
GF(¢)" having minimum distance d,

n general, if C is an [n, k,d]-code then we use [n, k+,d"] for the parameters of the
dual code, C+. It is a consequence of Singleton’s bound that n + 2 — d — d+ >, with
equality when C' is an MDS code.



d= min wt(c),
ceC,c#0

where wt is the Hamming weight of a codeword.

If ¢ is a square, say ¢ = p?, then there is a conjugation on GF(q) (i.e., a
field automorphism of order 2 which fixes the subfield GF'(p). The conjugate
of a code C over GF(p?) is the code of conjugates: C = {¢ | ¢ € C}. This is
also a linear code. With this conjugation, we can define a Hermitian inner
product on V = GF(q)™:

(v, W) = VW1 + VW3 + ... + VW,

where v = (vq,...,v,) € V and w = (wy,...,w,) € V. The dual code of
C' is the vector space of all code words in F” which are orthogonal to each
codeword in C;

Ctr={veF"|{v,e)=0Vce C},

where (...,...) is either the Euclidian or Hermitian inner product. When it
is necessary to be less ambiguous, we call this the Hermitian dual code
or the Euclidean dual code, as appropriate. Note that the Hermitian dual
code is the conjugate of the Euclidean dual code.

The dual code of C, denoted C*, has parameters [n,n — k, d*], for some
d- > 1. If C = C* then the code is called self-dual. The genus of an
[n, k,d],~code C' is defined by

Y(C)=n+1—-k—d.

This measures how “far away the code is from being MDS”. If C' is an AG

code constructed from the Riemann-Roch space of an algebraic curve over

GF(q) then it often is equal to the genus of the curve (see [TV] for details).

Note that if C is a self-dual code then its genus satisfies vy =n/2+ 1 —d.
The (Hamming) weight enumerator polynomial Ac is defined by

Ac(z,y) =) Aa" 'y =a" + A" Yyt + - + A",
i=0

where

A= [{ee C | wi(c) =1}



denotes the number of codewords of weight i. The support of C' is the set
supp(C) ={i | A; #0}. If Ac(z,y) = Aci(x,y) then C' is called a formally
self-dual code. The spectrum of C' is the list of coefficients of Ac:

spec(C) = [Ag, ..., Ayl

We say two codes are formally equivalent if they have the same spectrum.
For example, the Hermitian dual of C' is formally equivalent to the Euclidean
dual of C, if C' is defined over GF(p?).

Example 1 Here is a code C' which is formally self-dual. Let

1111000000
0000111111
G=|11000111000
01 00110100
0010101O0T1F®0

and let G be the binary code generated by G. This code has spectrum
[1,0,0,0,15,0,15,0,0,0, 1] and satisfies the “Riemann hypothesis” (see Def-

inition |37 below for this term). Here is the SAGE code verifying this.
SAGE

sage: MS = MatrixSpace(GF(2),5,10)
sage: G = MS([[1,1,1,1,0,0,0,0,0,0],[0,0,0,0,1,1,1,1,1 ,11,[1,0,0,0,1,1,1,0,0,0],\

sage: C = LinearCode(G)

sage: C

Linear code of length 10, dimension 5 over Finite Field of siz e 2
sage: C.spectrum()

[1, 0, 0,0 15, 0, 15, 0, O, O, 1]

sage: P = C.zeta_polynomial()

sage: P

27 T4 + 2/7 T3 + 3/14 *T2 + 17 T + 1/14

sage: RT = PolynomialRing(CC,"T")

sage: rts = RT(P).roots()

sage: [z[0].abs() for z in rts]

[0.707106781186548, 0.707106781186546, 0.707106781186 548, 0.707106781186548]
sage: Cd = C.dual_code()

sage: Cd.spectrum()

[1, 0, O, O, 15, O, 15, O, O, O, 1]

Saying two codes are formally equivalent is stronger than saying that
the codes are isometric, i.e., that there is a bijective linear transformation
between then that preserves the weight function. In fact, in the binary case
it is known that two codes (both subspaces of GF(2)") are permutation
equivalent if and only if they are isometric (by a result of MacWilliams).



Open Question 1 Given a homogeneous polynomial F(x,y) = a™+Y .« fix" 'y
of degree n with non-negative integer coefficients, find necessary and sufficient
conditions (short of enumerating all weight enumerators of linear codes with
length n) which determine whether or not F(x,y) = Ac(x,y) for some linear

code C' of length n.

1.1 Divisible codes
If b > 1 is an integer and supp(C') C bZ then the code C' is called b-divisible.

Definition 2 Let C be a b-divisible code. If C' and C* both binary and
contain the all-ones codeword then C'is said to be Type 2 divisible. We say
C is Type 1 divisible if C' is not of Type 2.

Lemma 3 If C is Type 1 divisible then

d+bd- <n+bb+1).
If C s Type 2 divisible then

2d + bd™ < n +b(b+ 2).

proof: See Theorem 1 in Duursma [D3]. O

The Gleason-Pierce Theorem? basically says that, other than a family of
uninteresting examples, the formally self-dual divisible codes fall into one of
the following four types.

Definition 4 Let C be a fsd b-divisible [n, k, d],-code. We say C'is Type [
if g=b=2, and n is even. We say C'is Type Il if ¢ =2, b = 4, and 8|n. We
say C'is Type IIIif g =b=3, and 4|n. If ¢ =4, b =2, and n is even then C'
is said to be Type IV.

For example, if C' is a binary self-dual code, then it must be 2-divisible
(since each codeword must be orthogonal to itself, hence have even weight).
This implies that C contains the all-ones vector. But C' = C*, so C' must
be Type 2.

2See Theorem 2.5.1 in [NRS], also Theorem [13] below.
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Lemma 5 (upper bounds) If C' is sd then

2[n/8] 4+ 2, if Cis Type I,

4[n/24] + 4, if Cis Type II,
3[n/12] 4+ 3, if C is Type III,
2[n/6] + 2, if Cis Type IV.

proof: This is Theorem 9.3.1 in [HP]. O

These upper bounds are sometimes referred to as the Mallows-Sloane
bounds. In fact, the “Type I bound” even holds for formally self-dual codes
(see Theorem 9.3.1 in [HP], §11.1 in [NRS]).

A code is called optimal if its minimum distance is maximal among all
linear codes of that length and dimension. A code C' is called extremal if the
bound in Lemma 5 holds with equality.

Remark 1 (1) It is known that any two extremal codes (if they exist) have
the same weight enumerator polynomial (in fact, they are essentially deter-
mined in Duursma [D3]).

(2) Tt is known that there exist only finitely many extremal codes (see
§11.1 in [NRS] or Huffman and Pless [HP], p 345).

If C* denotes the dual code of C, with parameters [n,n — k,d"], then the
MacWilliams identit relates the weight enumerator of C* to that of C:
ACL ('xv y) = ‘ClilAC(x + (q - 1)3/7 T — y)

In particular, C' is formally self-dual if and only if F' = A satisfies the

invariance condition

r+(¢—ly z—y

( , ). (2)
Vi Va

Example 6 The following examples are taken from Sloane [Sl]. The nota-
tion is as in [Sl] and will be used in the statement of Theorem [7 below.

F(x,y)=F

1. Wi(x,y) = 2? + y? is the weight enumerator of the Type I code C =
{(0,0), (1, 1)}

3This is proven in the appendix below.




2. Ws(x,y) = 28 + 14y + ¢® is the weight enumerator of the Type II
8,4, 4] code C constructed by extending the binary [7,4, 3] Hamming
code by a check bit. This is the smallest Type II code.

3. We(x,y) = 22 + 75920y8 + 257622y'2 + 75928y'% + 1?4 is the weight
enumerator of the binary Golay code with parameters [23,12, 8].

4. Wy(z,y) = 218 + 17296(230y'2 + 2129%5) + 535095 (2320 + 216432) +
3995376 (2289 + 2209?®) + 76816802*19*! is the weight enumerator of
the extended binary quadratic residue code of associated to p = 47
with parameters [48,24,16].

5. Wy(z,y) = x* + 8zy? is the weight enumerator of the Type III ternary
code C with generator matrix

11 1 0
G_<01—11>

6. Wio(z,y) = 22 + 264255 + 44023y° + 24y'? is the weight enumerator
of the Type III ternary Golay code with parameters [12,6, 6].

and parameters [4, 2, 3].

7. Wii(z,y) = x* + 3y? is the weight enumerator of the Type IV code
C =1{(0,0),(1,1), (o, ), (a? a?)}, with parameters [2,1,2]. Here « is
a generator of GF(4), o> + a+ 1= 0.

8. Wia(z,y) = 25 + 452%y* + 18y is the weight enumerator of the Type
IV code C' with generator matrix

G:

oo
o = O
— o o
S

e =R
=R R

with parameters [6, 3,4]. Here « is a generator of GF'(4), a*+a+1 = 0.

1.2 Some invariants

The following result collects together several facts from §8.1 in Sloane [Sl].



Theorem 7 Assume C' is a formally self-dual divisible code of Type I, II,
III, or IV.

o [ If Cis Type I then Ac(x,y) is invariant under the group

1 1 1 1 0
()00
of order 16. Moreover, Clx, y|“1 = C[W;, W;].

o II. If C is Type II then Ac(x,y) is invariant under the group

1 1 1 10
or- (1) ()
of order 192. Moreover, Clx,y|11 = C[Ws, Wg).

o IIL. If C is Type III then Ac(x,y) is invariant under the group

o-te(4 2 =53 4)

of order 48, where w € GF(9) — {1}, w® = 1. Moreover, C|x, y]¢111 =
C[W, Wip].

o IV. If Cis Type IV then Ac(x,y) is invariant under the group

1/1 1 1 0
GIV_<§(3 —1)’(0 —1)>
of order 12. Moreover, C[z,y]“1" = C[Wyy, Wia).

Here are some computations ilustrating the above theorem.

Example 8 Here is some SAGE code for computing the invariants of the

1 1 :
group G generated by g; = ( (q —/1\)//6\/5 _{/\%) with ¢ = 2, g5 =

( —01 (1) ),and g3 = ( (1) _01 ) The SAGE method invariant_generators
calls Singular [GPS], which has methods implements (by Simon King) to

compute group invariants.



SAGE

sage: F = CyclotomicField(8)
sage: z = F.gen()

sage: a = z+1/z

sage: a2

2

sage: MS = MatrixSpace(F,2,2)
sage: b = -1

sage: gl = MS([[1/a,1/a],[1/a,-1/a]])
sage: g2 = MS([[1,0],[0,b]])

sage: g3 = MS([[b,0],[0,1]])

sage: G = MatrixGroup([g1,92,93])
sage: G.invariant_generators()
[x1"2 + x272, x1"8 + 28/9 *X1'6 *x2°2 + 70/9 *x1"4 xx2°4 + 28/9 *x1"2 *x2°6 + x278]

It is not hard to check that this is equivalent with part I of Theorem (7.

Example 9 Here is some SAGE code for computing the invariants of the
group G generated by ¢ = < AN 1)/\/6) with ¢ = 2, ¢go =

i 0 (10 YV
(o 1)’andg3 (0@)

SAGE
sage: F = CyclotomicField(8)
sage: z = F.gen()
sage: a = z+1/z
sage: b = 272

sage: MS = MatrixSpace(F,2,2)

sage: gl = MS([[1/a,1/a],[1/a,-1/a]])
sage: g2 = MS([[1,0],[0,b]])
sage: g3 = MS([[b,0],[0,1]])

sage: G = MatrixGroup([g1,92,93])

sage: G.order()

192

sage: G.invariant_generators()

[x1"8 + 14 *x1"4 *x2°4 + x278,

x1"24 + 10626/1025 =*x1°20 *x2°4 + 735471/1025 *x1"16 *x278\
+ 2704156/1025 *x1°12 *x2712 + 735471/1025 *x1°8 *x2°16\

+ 10626/1025 *x1°4 *x2720 + x2°24]

The above group G which leaves invariant the weight enumerator of any
self-dual doubly even binary code. The above result implies that any such
weight enumerator must be a polynomial in z® + 142%y* + 3® and 102522 +
10626220y* + 73547120y® + 2704156x'2y1? + 7354712890 + 1062621y%° +

9



1025y%*. Using SAGE’s Grobner bases algorithms, it is not hard to check
that this is equivalent with part II of Theorem[7. The details are omitted.

Example 10 Here is some SAGE code for computing the invariants of the

group G generated by g; = < ( 1/ va 1/va ) with ¢ = 3, ¢

(3

0 1
1),andgg—(0

¢—1/vi —1/va

2)

SAGE

sage:
sage:
sage:
sage:
sage:
3

1
sage:
sage:
sage:
sage:
sage:
sage:
144
sage:

F = CyclotomicField(12)
z = F.gen()

a = z+1/z

b =24

a2; b3

MS = MatrixSpace(F,2,2)

gl = MS([[1/a,1/a],[2/a,-1/a]])
g2 = MS([[1,0],[0,b]])
g3 = MS([[b,0],[0,1]])

G = MatrixGroup([g1,92,93])
G.order()

G.invariant_generators()

X112 + (-55/2)  *x1°9 *x2'3 +
X112 + 4 *x179 *x2°3 + 21/8 *x1°6 *x2°6 + 67/64 *x1°3 *x2°9 + (-1/512)  *x2°12]

231/16 *x1'6 *x2°6 + (-55/128) *x1"3 *x279 + 61/1024 *x2"

12,

Example 11 Here is some SAGE code for computing the invariants of the
group G generated by g; = ( ( 1/va 1/va > with ¢ = 4, g5 =

(%

10 1
1),andgg—(0

q—1)/va —1/\a

)

SAGE

sage:
sage:
sage:
sage:
sage:
sage:
sage:
12

sage:
[x1°2

g=4a=2

MS = MatrixSpace(QQ, 2, 2)
gl = MS([[1/a,1/a],[(g-1)/a, -1/a]])
g2 = MS([[1,0],[0,-1]])

g3 = MS([[-1,0],[0,1]])

G = MatrixGroup([g1,92,93])

G.order()

G.invariant_generators()
+ 1/3 *x272, x1"6 + 5/3

*X1"4 *x2°2 + 5/27 *x1"2 *x2°4 + 11/243 *x276]

10



For the reader interested in more examples along these lines, we refer to
Harada and Tagami [HT]. (We shall discuss this paper more below.)

1.3 Virtual weight enumerators

Definition 12 A homogeneous polynomial F(z,y) = 2™ + Y .| fiz" "y" of
degree n with complex coefficients is called a virtual weight enumerator (or
VWE) with support supp(F) = {i | f; # 0}. It F(z,y) =a"+> 1, Aa" 'y
with Ay # 0 then we call n the length of F' and d the minimum distance of F.
Such an F of even degree satisfying (2)), is called a virtually self-dual weight
enumerator (or VSDWE for short) over GF(q) having genus

YF)=n/2+1—d.
If b > 1 is an integer and supp(F') C bZ then the VWE F is called b-divisible.

The classification of non-trivial formally self-dual divisible codes into the
four Types has a VSDWE analog. In other words, the Gleason-Pierce theo-
rem has a strengthening where the hypothesis does not require the existence
of a code, only a form which certain invariance properties.

Theorem 13 (Gleason-Pierce-Assmus-Mattson) Let F' be a b-divisible VS-
DWE over G(q).
Then either

L g=0=2,
II. g=2,b=4,
III. ¢ =0b=3,

IV. g=4,b=2,
V. q is arbitrary, b =2, and F(z,y) = (2% + (¢ — 1)y?>)"/2.

proof: The proof (or proofs - there are now two of them) is due to Assmus
and Mattson. The easiest place to access the argument is in the survey paper
Sloane [Sl]. The rough idea is as follows (for details, please see Sloane’s
paper).

Let G denote the subgroup of GL(2,C) generated by the matrix of the
“MacWilliams transform”

11



<x+(q—1)y Ty,
ViV
together with the diagonal matrices having b-th roots of unity on the diagonal
(since F(z,y) — F(Cz,y) and F(z,y) — F(x,Cy) both fix F, if ( € F
is any b-th roots of unity). Let G’ denote its image in PGL(2,C). Think of
F(x,y) as a function f(z) of z = z/y on P!. Let m denotes the number of
zeros of f (not counting multiplicity). By the invariance properties, m = 1
is impossible. If m = 2 then the invariance properties implies (V). If m > 3
then G’ must be finite. The classification of finite subgroups of PGL(2,C)
results in the remaining possibilities (I), ..., (IV). O
Next we give the virtual weight enumerator analog of Definition 4 above.

F(z,y) — F

Definition 14 e Let F(z,y) be a VSDWE. If b > 1 is an integer and
supp(F') C bZ then F is called b-divisible.

e If F'is a b-divisible VSDWE over GF'(q) then F' is called

Type I, if q=b=2, 2|n,
Type II, if g=2, b=4, 8|n,
Type III, if g=0b=3, 4|n,
Type 1V, if q=4, b=2, 2|n.

Theorem 15 (Sloane-Mallows-Duursma) If F' is a b-divisible VSDWE with
length n and minimum distance d then

i< c[c(cil)] + ¢, %f F %s Type 1, 3
cl="25] + ¢, if F is Type 2.

In particular,

n/8] +2, if F is Type I,
(n/24] +4, if F is Type II,
n/12] + 3, if F is Type III,
[

2
4

<
= 3
2[n/6] 4+ 2, if F'is Type IV.

12



proof: This is only stated for self-dual codes, but proof of Theorem 1 and
the argument in §1.1 of Duursma [D3] hold more generally for VSDWEs. A
complete proof is given in the appendix below. [

A VSDWE F is called extremal if the bound in Theorem (15 holds with
equality.

Remark 2 e Here is a more general definition. Let G be a subgroup
of GL(2,C) containing o = \/La i q_—ll ), acting on Clx,y| by

o: F(z,y) — F(o(z,y)"), and x : G — C* a character. Call a
virtual weight enumerator F' of length n a formally x-self-dual weight
enumerator, or a VSDWE twisted by x, if!

r+(¢—ly z—y
F(a,y) = x(0) F( Vi ,v@)

The VSDWE definition above is the special case when y is a trivial.
This “twisted” definition also covers, for example, the case of Ozeki’s
“formal weight enumerators” in [O]. For brevity, we call F' a twisted

VSDWE if it satisfies

t+(q—1y z—y
: ). (4)
Vi Vi
Much of the theory of zeta functions for VSDWE’s also applies to
twisted VSDWE’s. See Chinen [C1], [C2] and §5] below.

F(a,y) = —F(

e Note that a virtual weight enumerator does not depend on a prime
power ¢ but a VSDWE does depend on ¢ through (2).

Definition 16 A wvirtual weight enumerator F is formally identified with an
object we call a virtual code C subject only to the following condition: we
formally extend the definition of C' —— A¢ to all virtual codes by Ac = F.
Of course, if F is the weight enumerator of an actual code, C' say, then we
have Ac = F = Ac¢r. In other words, a virtual code is only well-defined up
to formal equivalence. If Cy and Cs are virtual codes then we define Cy + Co
to be the virtual code associated to the VWE Ac, (z,y) + Ac,(z,y).

4This “twisted” terminology is motivated by terminology in automorphic forms and
arithmetical algebraic geometry for analogous objects.

13



Open Question 2 Given a VSDWE, find necessary and sufficient condi-
tions (short of enumeration) which determine whether or not it arises as the
weight enumerator of some self-dual code C'.

This is really only open for self-dual codes which are not divisible, since
the Gleason-Pierce- Assmus-Mattson Theorem [13 and Theorem [7] handle the
other cases.

2 The zeta polynomial

We shall give three definitions of the zeta polynomial, all due to Duursma.

2.1 First definition
Definition 17 A polynomial P(T") for which

(T + (1 =T)y)"
(1 =T)(1—qT)

is called a Duursma zeta polynomial of C'.

Ao(l',y> —a"
qg—1

P(T) = T4

The Duursma zeta function is defined in terms of the zeta polynomial by
means of (1) above.

Proposition 18 The Duursma zeta polynomial P = P exists and is unique,
provided d*+ > 2.

proof: This is proven in the appendix to Chinen [C2|. Here is the rough

idea. If we expand &ltvl=T)"

T A—ql) in powers of T, we find it is equal to

b070ynT0 -+ (bljll‘ynil -+ bLoyn)Tl + (b272.%'2yn72 + bg,ll’ynil + bg’gyn>T2 + ...
+(bn—dn—a®"" Y + by g1 2™y 4 Doy T+

where b; ; are coefficients which may depend on ¢g. The Duursma polynomial
is a polynomial of degree n 4+ 2 — d — d*+. Provided d* > 2, the Duursma
polynomial can be written as P(T) = ag+a;T + ...+ a,_4T" . Now, rewrite
the terms of degree < n

14



(@7 +y(1 = T))"
(1 =T)(1 —qT)

F )
Py =+ EEW = pa
qg—1

by means of the matrix equation B - ad = A given by

b0,0 bl,O cee bn—d,O Uy A /(q _ 1)
0 b171 ce bnfd,l e " .
0 ... 0 byana o Aaf(g=1)

The diagonal entries of this matrix are binomial coefﬁcientsﬁ, bi; = < 7 ),

hence are non-zero. Therefore the matrix is invertible and the existence is
established. [

Here is a corollary of the proof. (These are given in [D5] as equations (5)
and (6); also, (4.1) of [D4].)

-1
Corollary 19 (Duursma) If d+ > 2 then P(0) = (q — 1)_1( Z ) Ay and
Ad _ n /
=g ) PO d + P,

In particular, P always has a non-zero positive constant coefficient.

proof: By the above proof, b,_;,_; is the i-th binomial coefficient, and
so the first equation follows from the system of equations in (5).

The second equation follows similarly, so it’s proof is omitted. [

Example 20 Consider the self-dual code C' of length n = 6, dimension k£ = 3,
and minimum distance d = 2. This is unique up to equivalence and has weight
enumerator W (z,y) = 2% + 3xty? + 322y* + 3. The SAGE commands

SAGE
sage: q,T,xy = var("q,T,x,y")
sage: f1 = lambda q,T,N: sum([ sum([g"i for i in range(k+1)]) *T'k for k in range(N)])
sage: f2 = lambda x,y,T,n: sum([ binomial(n,j) *(x-y)j] *y(n) =T7 for j in range(n+1)])

°This is straightforward but not totally obvious at this stage. However, equation (6)
below implies this claim immediately.

15



sage: a0,al,a2,a3,a4 = var("a0,al,a2,a3,a4")
sage: F = expand(f1(2,T,6) *f2(x,y,T,6) *(a0+al * T+a2+«T"2+a3 * T"3+a4 * T"4))

zT+y(1-T))™
WP (T)

cients and read

compute the first 6 terms (as a power series in T) of the series
when ¢ =2, n =6, k = 3, and d = 2. Next, we compute the coe
off the matrix B:

SAGE

sage: aa = (F.coeff("T"4")).coeffs("x")
sage: v = [expand(aali][0]/y"(6-i)) for i ir_1 range(5)]

sage: BO = [v[0].coeff("a%s"%str(i)) for i in range(5)]
sage: Bl = [v[1].coeff("a%s"%str(i)) for i in range(5)]
sage: B2 = [v[2].coeff("a%s"%str(i)) for i in range(5)]
sage: B3 = [v[3].coeff("a%s"%str(i)) for i in range(5)]
sage: B4 = [v[4].coeff("a%s"%str(i)) for i in range(5)]
sage: BO.reverse(); Bl.reverse(); B2.reverse(); B3.reve rse(); B4.reverse()
sage: B = matrix([B0,B1,B2,B3,B4])

sage: B

[ 1 3 4 -2 1]

[ 0O 6-12 12 0]

[ 0O 0 15 -15 15]

[ 0 0 0 20 Q]

[ 0 0 0 0 15

Note that the diagonal entries are binomial coefficients.
Finally, we computes the vector A, and solve the equation B - d = A:

SAGE

sage: Wmx6 = 3*X4 xy 243 *X"2 xy 4+y"6

sage: ¢ = [Wmx6(1,y).coeff("y"%s"%str(i)) for i in range(2 ]
sage: c.reverse()

sage: A = vector(c)

sage: (B°(-1) * A).list()

[4/5, 0, O, O, 1/5]

This implies that the zeta function of C' is given by P(T') = % + %T‘L.

Duursma has given several definitions (all equivalent of course) of P(T).
Before stating another one, we need the following definition and lemma.

Definition 21 Define ¢; by
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- Ck('r’ y)Tk
k=0

(T + (1 =T)y)"
(1-T)(1—4qT)

Define M, s by
Mm(s(l’, y) ="+ (q - 1)Cn—5(x> y)
This is called the M DS virtual weight enumerator of length n and distance §.

It is not hard to see that

1 gt -1

— A
(I=T)(1—qT) = q¢-1

and of course

ny n-g i
)y (x —y)'T"

(T +(1-T)y)" = . (z

Therefore,

S (6)

=k 17 LN
Example 22 We use SAGE [S] to compute ezamples.
When q = 2,
Mg s(z,y) = —34y™ +2202y° — 5852y® + 84023y " — 6302y°® + 25227y + 2'°
and when q = 3,
Mygs(z,y) = —48y™? + 1152zy*t — 237622y!" + 8360x3y” — 79202 y5+
+95042%y" — 369625¢° + 1584275 + 22

The negative coefficients in these polynomials are consistent with the fact that
for codes of dimension greater than 1, the length of an MDS code satisfies
the bound n < q+ k — 1 (see for example, pages 12-13 in [TV]). In the first
example, a [10,6,5]s code must satisfy 10 < 2+ 6 — 1 (so it doesn’t exist)
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and, in the second example, a [12,8,5]3 code must satisfy 12 < 3+8 —1 (so
it doesn’t exist).
On the other hand, when q = 13,

Migs(z,y) = 312177312y"% + 312178752xy™ + 143076384x%y 0+
+3975576023y° + 743688024y + 100742425y" +
+8870425y5 + 95042 7y5 + 2.

Indeed, according to SAGE’s ReedSolomonCode command, there is an MDS
code C' having parameters [12,8,5]13:

SAGE

sage: C = ReedSolomonCode(12,8,GF(13))
sage: C.spectrum()

1,
0,
0,
0,
0,
9504,
88704,
1007424,
7436880,
39755760,
143076384,
312178752,
312177312]

This SAGE session tells us that

spec(C) = [1,0,0,0,0,9504, 88704, 1007424, 7436880,
39755760, 143076384, 312178752, 312177312],

as the above (independently obtained) computation implies.

These virtual weight enumerators are computed using the following SAGE
code
SAGE

sage: R = PolynomialRing(QQ,2,"xy")
sage: X,y = R.gens()
sage: f = lambda g,n,m :\

18



(X * T+y=* (1-T))"(n) *sum([T7i for i in range(m)P\
*sum([(g *=T)%i for i in range(m)])
sage: M = lambda q,n,d,m : (f(g,n,m).list())[d] *(g-1)+x'n

As long as m is taken to be sufficiently large, this code will return the correct
value of M, 4.

A version of the following result is stated in Duursma’s [D5] (see his
equation (9)).

Lemma 23 If F is a virtual weight enumerator of length n and minimum
distance d then there are coefficients ¢ € Q and a; = a;(F) € Q such that
F('T? y) = ca" + aOMn,d(xa y) + aan,d—i-l(I? y) ot aTMn,d—i—T(xa y)7 (7>

for somer, 0 <r<n-—d. In fact, c=1—ay—---— a,.

proof: The functions M,, 41:(x,y) — ™ form a basis for the vector space
V = {Z?:d bz‘[I)nilyz | bz € Q}

Consider the equation
F(l’, y) —r" = a0<Mn,d(x7 y>_'xn)+al(Mn,d+1 (LE, y>_xn)+ ’ '+ar<Mn,d+r<:C7 Z/) _xn)
If » = dim(V) — 1 then one can solve for the ay,...,a,. Without loss of
generality, we may take r > 0 to be as small as possible. We have then
F(CL’, y) = (1_(10_’ : '_ar)xn_’_aOMn,d(xa y)_’_aan,d-l—l(xa y)+ : '+arMn,d+T<xa y)

O

Example 24 Duursma zeta function of the [2" — 1,2" — r — 1, 3]-Hamming
code, Ham(r, GF(2)), can be computed using the following SAGE commands:
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SAGE

sage: C = HammingCode(3,GF(2))

sage: C.zeta function()

(2/5 *T2 + 2/5 *T + 15)/[(2 *T2 -3 *T + 1)

sage: C = HammingCode(4,GF(2))

sage: C.zeta_function()

(16/429 *T°6 + 16/143 =T'5 + 80/429 *T'4 + 32/143 =T"3\
+ 30/143 *T°2 + 2/13 T + 1/13)/(2 *T2 - 3 *T + 1)

In other words,

$(2T% +2T +1)
272 — 3T +1

Ziams,care)(T) =

and

16T + 4875 + 80T™* + 9672 + 90T + 66T + 33)
272 — 3T + 1

1
72

Zam@.cre)(T) = .
Example 25 Duursma zeta function of the maximal binary linear self-dual
doubly even code of length 8 can be computed using the following different
SAGE commands:

SAGE
sage: MS = MatrixSpace(GF(2),4,8)
sage: G = MS([1,1,1,1,0,0,0,0},[0,0,1,1,1,1,0,0],[0,0 ,0,0,1,1,1,1],[1,0,1,0,1,0,1,0]])
sage: C = LinearCode(G)
sage: C
Linear code of length 8, dimension 4 over Finite Field of size 2

sage: C.zeta_function()

25 *T2 + 2/5 *T + 1U5)/(2 *T2 -3 *T + 1)
sage: C.sd_zeta_polynomial()

2/5 T2 + 2/5 *T + 1/5

sage: C == C.dual_code()

True

In other words,
Po(T) = (2T% + 2T + 1) /5.
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2.2 Second definition

Here is Duursma’s second definition of the zeta polynomial.

Definition 26 Let /' = A denote the weight enumerator of a [n, k, d],~code
C'. Using the coefficients a; = a;(F) of (7), define

PT)=PFPo(T)=ao+a; T+ - +aT".

This P(T) is the Duursma zeta polynomial of C.
More generally, if F' is an virtual weight enumerator and the coefficients
aj = a;(F) are as in (7), define P(T) = Pp(T) = ao + a;T + -+ + a,T".

Note that by comparing coefficients of =™ on both sides of (7)), we see
ap+ -+ a, = 11is equivalent to P(1) = 1.

Example 27 Note that if C' is a MDS code of length n and minimum dis-
tance d over GF(q) then Ac = M, 4 (this is proven as part of the discussion
in §2 of Duursma [D2]). This forces c =0, ag =1 in (7), so® P(t) = 1.

Remark 3 Note [n, k, d] makes sense as parameters of a virtual weight enu-
merator is when F' is a WE of an actual code C' (so F' = A¢) or when F is
a VSDWE (so v =n/2 —d+ 1, where n and d are as in Definition 12) or a
(virtual) MDS code (so k =n + 1 —d).

Lemma 28 The Duursma zeta function of Definition 17 is the same as the
Duursma zeta function of Definition 26.

proof: By Definition the zeta polynomial of Definition 17 associated
to F' = A¢ is T" if you replace F' = A by F = M, 4+;:

@I'+(A-T)y)" ; M@,y —x
T3 [ 7y S

Multiply by a; and sum both sides over j € {0,...,7} to obtain Definition
Therefore, P(T') satisfying Definition [17 also satisfies Definition 26. [J

T4 .

6See also Duursma’s Proposition 1 in [D5] and Chinen’s Theorem 3.2 in [C3].
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2.3 Third definition

In preparation for the third definition, which originated in §7 of Duursma
[D1], we introduce some notation.

Let C be an [n,k,d|, code, let S C {1,2,...,n} be a subset, let Cg
denote the subcode of C' of codewords with support contained in S, and let
ks = ks(C') denote the dimension of Cs.

Lemma 29 The dimension kg satisfies

k—{ 0, for 0 < |S| < d,
STV k=(—19]), forn—d- <|S|<n.

When d < |S| < n — d* then kg depends on S and C in a more subtle
way.

proof: It follows from the definition of the minimum distance d that
ks =01if 0 <|S| < d. If C'is [n, k,d] then the dual code C* is [n,n — k, d*],
son—k+d-<n+l,ordt<k+1. 1S ={j|1<j<n,j¢S} then
Cy is isomorphic to the code “shortened on S¢”’. The dimensions of such
shortened codes is given in Theorem 1.5.7 in [HP]. In particular, if [S¢| < d*
then we find kg =n — |S¢| — (n — k) = k — |S¢|, as desired. O

The binomial moments of C' are the integers B}, Bi, Bs, ... defined by

Bl — B.l(o) —

3 7

Lemma 30 The binomial moments satisfy

0, for 0 <17 < d,
1_ i —n
B = <n>q2+k L forn—dt<i<n.

l q-1

proof: This is an easy corollary of the above lemma. [J
The numbers

bi = b(C) = B,/ ( dii) (8)

are called the normalized binomial moments of C' (0 <1i < n—d). We extend
this to all ¢ € Z by
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b b — -0, for ¢ <0,
= biC) = g g

q—1

Finally, we can give Duursma’s third definition.

Definition 31 Define the zeta function of C' to be the generating function
of the normalized binomial moments of the code:

Z(T) = i b;T".
=0

This is a rational function (see Duursma [D1], §7),

P(T)
(1-T7)1—qT)

Z(T) =
where

P(T) = ap+ T + - + apypg_g T4

is the zeta polynomial, and
a; = bz — (q -+ 1)b¢71 + Qbi,Q. (9)

Lemma 32 The Duursma zeta function of Definition 31| is the same as the
Duursma zeta function of Definition |17.

proof: If
B'(z,y) = > Bja" 7y,
j=0

and Ac(z,y) = 2"+ (qg— 1)Al (2, y) then it is known” that BY(z,y) = Al (z+

y,y). Therefore, W = B'(z —y,y) and
(2T +y)"Z(T)=---+ B (2,y)T" %+ ...

"This is proven in §9 of [D5]. See Theorem 1.1.26 and Exercise 1.1.27 in [TV] for a
closely related result.
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(where z = x — y) defines the Duursma zeta polynomial of C' in the sense
of Definition 17| Let us compare coefficients of z7™~¢ on both sides. One

the right-hand side, it is B} _, and on the other side it is ( " bp—q—¢. We

14
must verify that these are the same. However, this is the formula for the
normalized binomial moment, so is, by definition, true. [J

As a corollary, we find that if the weight enumerator Ac is known, then

n

A — n o

j=0

is easy to compute and the coefficients of the zeta polynomial are given by
(8) and (9). (In fact, this is what the SAGE command zeta_polynomial
computes.)

SAGE

sage: C = HammingCode(3,GF(2))

sage: C.zeta polynomial()

2/5+T°2 + 2/5 *T + 1/5

sage: C = best_known_linear_code(6,3,GF(2))
sage: C.minimum_distance()

3

sage: C.zeta polynomial()

2/5*«T2 + 2/5 *T + 1/5

2.4 Analogies with curves

Let X be a smooth projective curve of genus dg. over a finite field GF(q)
defined by a polynomial equation F'(x,y) = 0, where F' is a polynomial with
coefficients in GF(q). Let Nj denote the number of solutions in GF(¢*) and
create the generating function

G(t) = Nit + Not?/2 + N3t® /3 + - - - .

8These terms will not be defined precisely here. Please see Tsafsman-Vladut [TV],
§2.3.2, or Schmidt [Sc] for a rigorous treatment.
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Define the zeta function of X by the formal power series

((t) = Cx(t) = exp(G(1)) (10)

so Z(0) = 1. In particular, the logaritmic derivative of ((t) has integral
coefficients. It is known tha

p(t)
(1= —qt)’
with p = px a polynomial, of degree 2g where ¢ is the genus of X. This has
a “functional equation” of the form

Cx(t) =

plt) = qgﬂgp(%).

The logarithmic derivative of (x is the generating function of the sequence
of counting numbers { Ny, Ny, ...}. The Riemann hypothesis for curves over
finite fields states that the roots of P have absolute value ¢~'/2. These roots
can be interpreted in terms of the eigenvalues of a linear transformation'® on
a vector space. In fact, there is a unitary symplectic 2g x 2g matrix © = O x
such tha‘JPI

p(t) = det(I —tq'/?0).

When C'is a formally self-dual AG code (associated to a smooth projective
curve X of genus g over a finite field, a divisor D on X and points {P;} on
X disjoint from D - see for example [TV], [TVN]) of genus ¢ (as a code), the
Duursma polynomial P = Px “often” has the same degree as p = px and
satisfies the same functional equation. One ca see using Theorem 4.1.28 in
[TVN], that such codes are rather easy to construct, so this situation is not
too unusual. This motivates the following question.

Open Question 3 Let C be a formally self-dual code over GF(q). When is
there a curve X/GF(q) for which the zeta function of the curve (x is equal
(up to a constant factor, if necessary) to the zeta function Zg of the code?

9This was first proved by Dwork using p-adic methods [Dw].

0Tn fact, it is possible to interprete P(t) in terms of the characteristic function of “the
Frobenius operator” acting on a cohomology space, though we shall omit details here.

HSee Faifman and Rudnick [FR] for an interesting analysis of the “statistics” of the
eigenvalues of © in the case when X is “hyperelliptic”.
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Since the RH holds for (x (so the roots of zeta function of a curve all have
absolute value 1/,/g; this is a well-known theorem of André Weil), a necessary
condition for Open Question 3/ to hold is that the Duursma zeta function of
the code must satisfy the RH. Generally, the Duursma zeta function of a
self-dual code does not satisfy the RH, but see Example 9.7 in [D6] for two
(self-dual) codes for which this holds. Here is a SAGE computation which
verifies this!2:

SAGE

sage: K = GF(2)

sage: E = EllipticCurve(K,[0,1,1,-2,0]); E

Elliptic Curve defined by y2 + y = X3 + X"2 over Finite Field o
sage: E.trace_of frobenius()

-2

sage: E.frobenius_polynomial()

X2 + 2*x + 2

Remark 4 However, there are other reasons to question that these zeta func-
tions agree except in unusual circumstances. For example, using §3.1.1 (es-
pecially, Corollary 3.1.13) in [TVN], one sees that p(1)/p(0) = q/h, where
h is the so-called class number of X (which is the number of GF(q)-rational
points on the Jacobian of X, [TVN], p135). On the other hand, P(0)/P(1)
-1
is given in Corollary[19 above. It is possible that q/h = (¢ — 1)_1< Z > Ay
but, if true, this is highly non-intuitive.

Open Question 4 Let C' be a self-dual code over GF(q). When is there
a linear operator ® on a “natural” rational vector space for which the zeta
polynomial P = Pg can be interpreted in terms of the characteristic function

of ®¢

Open Question 5 Let C be a self-dual code over GF(q). Is there a “natu-
ral” interpretion of the coefficients of the logarithmic derivative of Z¢ ¢ Does
the logaritmic derivative of Zo(T) have integral coefficients?

12The reciprocal of the numerator of the ¢(-function of a curve is the characteristic
polynomial of the Frobenius endomorphism of the Jacobian, i.e., the Frobenius polynomial.
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There is a “natural” interpretion of the coefficients of Py - see the con-
struction in §2.3 above.

3 Properties

We survey some of the most remarkable properties, both conjectured and
proven, of these zeta functions.

3.1 The functional equation
If v = ~(C) is the genus of C and if

20(T) = Zo(T)T

then the functional equation in [D1] can be written in the form

201 (T) = 2c(1/qT).
If we let

Ce(s) = Zclq™)

and

§o(s) = 20(q™")

then (o and & have the same zeros but £- is “more symmetric” since the
functional equation expressed in terms of it become@

§or(s) = &c(1—s).
Abusing terminology, we call both Zs and (¢ the Duursma zeta function of
C.
The analog of this for a VSDWE is as follows: let F' denote a VSDWE
with degree n and minimum distance d, so y=n+1—-k—d=n/2+1—d
is the genus.

13This notation is inspired by analogous notation used for functions associated with
the classical Riemann zeta function. See any book on the Riemann zeta function, or
http://en.wikipedia.org/wiki/Riemann_zeta_function.
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In fact, since Duursma’s zeta function only depends on C' via its weight
enumerator Ao (z,y) of C, for any virtual weight enumerator F'(x,y) there
is an associated zeta function Z = Zp and zeta polynomial P = Pr. If we
define F+ by F+ = F o o, where

_ Lt
77 /a\1 1
then there is a functional equation relating Z and Z+ = Z. (and hence also

P and P+ = Pp.). Note that even though ' may not depend on ¢, F* (and
hence Z1) does.

Proposition 33 For any virtual weight enumerator F' satisfying

F(LU, y) = aOMn,d('TJ y) + aan,dJrl(x? y) + o+ arMn,d+r('ra y)7

and for any q, the zeta function Z = Zg satisfies the functional equation

ZHT)T e = Z(qiquiT

Analagously, the zeta polynomial P = Pr satisfies the functional equation

), (11)

PHT) = P()e'T"" (12)

where g =n/2+1—d and g- =n/2+1—d*+.

Remark 5 (1) Note that both P+ and P are polynomials of degree n + 2 —
d—d*+ = g+g*, and g is the genus if F = Ac is an actual weight enmerator.

(2) This proof is essentially the same as that of Proposition 9.2 in [D6].
This hypothesis here is slightly more general.

proof: This is a consequence of Definition 26 and the MacWilliams iden-
tity.

By hypothesis, the coefficients a; = a;(F) of (7)) satisfy ag+---+a, = 1.
Therefore, F+ = F o ¢ satisfies

Ft= apMpqgoo0+a1Mygp100+ -+ a, My 410 0 0. (13)
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Recall that the dual of the MDS code with parameters [n, k,d] is the MDS
code with parameters [n, kt,6+]. By this and MacWilliams’ identity, we
have M, 500 = ¢V* M, 5. = ¢*"/2M, 5., where k+ + - = n + 1 and
k =n —0+ 1 is the dimension of the (virtual) MDS code of length n and
minimum distance § (for a proof of this, see Appendix A in Duursma [D5]).
Thus, M, 00 = ¢*/**'*° M, ,,_s.9, and it follows that

1 _ 241-§
Fro= Zd<6<d+r aéqun/ + Mn,n76+2
_ o &' —1-n/2
= Zn—d—r+2§5’§n—d+2 Un—5'+2-dd My,
_ 2—d—r+1+46
- ZOS(S”ST a?“—é”qn/ T Mn,n—d—r+2+§”-

This implies

PHT) =ag +afT+ - +arT"
— arqn/ZfrfdJrl + alr_lqn/ZfrfdJrZT R aoqn/27d+1Tr
— arqn/ZfrfdJrl + ar_lqn/ZfrfdJrl (Tq) S aoqn/277"fd+1 (Tq)r
— qn/2fr7d+1(ar + ar—l(TQ) S ao(Tq)r)
= q"* 7 (Tq) (ag + ar(Tq) ™" + -+ + a,(Tq) ™)
— q”/z_dHT’"P(l/qT).

O

3.2 Puncturing preserves P

Suppose C'is an [n,k,d] code over GF(q) and i is any integer satisfying
1 <i < n. The punctured code P;(C) at the coordinate 7 is the code having
length n — 1 obtained by projecting C' onto the remaining coordinates. We
denote The shortened code S;(C') at the coordinate i is the code having length
n — 1 obtained by projecting the subcode

{c=(c1,...,cp) €C | ¢; =0}

onto the remaining coordinates.

Lemma 34 If C is a linear code of length n and i is an integer, 1 < i < n,
then

P(C): = Si(Ch).
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A check bit extension C' is a code of length n + 1 of the form

{(c1,...,Cn,Cns1) € GF ()" | (c1,...,¢0) €C, Cpi1 =c-a}

for some fixed vector a € GF(q)".
To end this section, we recall that the zeta polynomial of a code C', Pg,
remains the same if we replace C' by (a) the averaged puncturing P(C) of C,

A

(b) the averaged shortening S(C') of C, or (c) a check-bit extension C' of C'.
This provides two inductive formulas for computing the zeta polynomial.

Theorem 35 (Duursma [D5]) If C is a linear code of length n, is

1 n
Fpoy(2,y) = " ZAPi(C)(x’y)
i=1

denotes the averaged punctured weight enumerator, and

1 n
Fsc)(r,y) = - > Aso)(@,y)
=1

denotes the averaged shortened weight enumerator, then
PC(T) = PFP(C) (T) = PFS(C) (T)
This is proven in §5 of Duursma [D5].

Open Question 6 Is there a simple relationship between Po(T') and Px(T')?

3.3 The RH

Knowledge of the zeros of Z(T') could be very useful for understanding the
possible values of the minimum distance.

Proposition 36 (Duursma) If {p1,p2,...,pr}, with r > 1, denote the zeros
of the Duursma zeta polynomial P(T') of a linear code C' and [Ay, ..., A,]
denotes the spectrum of C' then

L Agad+1
deq— S prt_ 2t .
> A n_d

i
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In particular,
d<q=> p".

The proof uses the assumption that C' is an actual linear code, not a
virtual code, and that P(T') # 1.
proof: For the first statement, see Corollary [19. The second statement
Adq

follows from the first since i >0. O

In particular, if C' is any b-divisible code with b > 2 then

d=q=3 r"

If F'is VSDWE then the zeros of the zeta function (r(s) (or £x(s)) occur

in pairs about the “critical line” Re(s) = 3.

Definition 37 We say the zeta function (g (or, by abuse of terminology,
the VSDWE F) satisfies the Riemann hypothesis (RH) if all zeta zeros occur
on the “critical line”.

The following result is not best possible, but illustrates the idea that for
“large” ¢, the RH is “often” false.

Corollary 38 Let C be an [n, k,d] code over GF(q) with Agyy =0, q > n?,
2<dandd+d*- <n+2. Ifn > 3 then the Duursma zeta polynomial is not
a constant and does not satisfy the RH.

This is an easy consequence of the Proposition [36 (assume the RH is
true and ¢ > n?, then show the hypothesis contradicts the trivial estimate
qg—d<|¥,p7| <ryg=(n+2—d—d*-)/q) and the proof is left to the
reader. The hypotheses to this corollary is probably not best possible. The
point is that it should not be hard to construct codes which violate the RH.

Example 39 [t is clear from Example 27 above that the Duursma zeta func-
tion may have no zeros (i.e., may be constant). Indeed, this is true for all
MDS codes, including some formally self-dual ones™.

YFormally self-dual MDS codes exist - see Example 12 in [JKT], which gives a fsd
[42,21,22]-code over a very large extension of GF(7). (In fact, this code even has Aj
as its permutation automorphism group.) Even better, in Kim and Lee [KL], a self-dual
MDS code with parameters [10, 5, 6]41 is constructed.
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Remark 6 Let F' denote a VSDWE as in Proposition |33 and let r(T) =
2r(T/\/q). The functional equation implies r(1T') is a self-reciprocal function:
r(1/T) =r(T). The RH is the statement that all 2y zeros of r(T) lie on the
“critical line” |T| = 1. If ro(0) = r(e?) then the functional equation, and the
fact that v has rational coefficients, implies

To(e) = To(——e) = To(@).

In other words, ro(0) is real-valued.

Conjecture 40 (Duursma) For all extremal virtual weight enumerators F,
the zeta function Z = Zp satisfies the Riemann hypothesis.

Lemma 41 Let F' denote a VSDWE of genus v as above and let P = Prg
denote the associated zeta polynomial. It is known that P(T?/q) = T*' f(T +
T—1), where f € R[x] is a polynomial of degree 2~ with real coefficiates.

proof: See Duursma [D3], Theorem 7 and Lemma 10. OJ

Remark 7 Lemma 2.1.1 in [DH] classifies those polynomials of even degree
in R[x] which have all its roots on the unit circle. That result allows us
to reformulate the RH (a statement about the complex roots of P) as a
statement about the real roots of f(z) in -2 <z < 2.

4 Examples

4.1 Komichi’s example

In [HT], the authors mention an example which occured in the master’s
thesis'? of A. Komichi. Tt is claimed that the Duursma zeta function of
the code C' = Hg @ Hg @ Hg, where Hg is the self-dual extended Hamming
8,4, 4]-code, violates the Riemann hypothesis. We verify this using SAGE.

SAGE

sage: MS = MatrixSpace(GF(2), 12, 24)
sage: G = MS(\

... [01111,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 ,

[eNeoNe)

A
A
A

15This appears to be unpublished and I have not seen it myself.
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[

sage: C = LinearCode(G)
sage: Cd = C.dual_code(); C == Cd

sage: R = PolynomialRing(CC,"T")

sage: T = R.gen()

sage: C.zeta_polynomial()

512/253 *T"18 + 512/253 *T°17 + 256/253 *T°16 - 148736/245157 T 14

- 66048/81719 *T"13 - 185536/245157 *T°12 - 49408/81719 *T'11

- 43088/96577 *T°10 - 1808/5681 *T°9 - 21544/96577 *T°8 - 12352/81719 «*T°7

- 23192/245157 *T°6 - 4128/81719 *T°5 - 4648/245157 *T4 + 2/253 *T2 + 2/253 *T + 1/2
sage: f = R(C.zeta_polynomial())

sage: print [z[0]l.abs() for z in f.roots()]

[0.963950810639179, 0.707106781186546, 0.707106781186 548,
0.707106781186546, 0.518698666447988, 0.7071067811865 48,
0.707106781186542, 0.707106781186548, 0.7071067811865 50,
0.707106781186551, 0.707106781186547, 0.7071067811865 46,
0.707106781186548, 0.707106781186544, 0.7071067811865 48,
0.707106781186549, 0.707106781186548, 0.7071067811865 49]
sage: P1 = list_plot([(z[O].real(),z[0].imag()) for z in f .roots()])

sage: t = var("t")

sage: pts = lambda t: [cos(t)/sqrt(2),sin(t)/sqrt(2)]

sage: P2 = parametric_plot(pts(t),0,2 * pi,linestyle="--",rgbcolor=(1,0,0))
sage: show(P1+P2)

The plot computed in the last line is shown below:

4.2 The extremal case

We shall summaries the some results of Duursma [D3] and Harada and
Tagami [HT] in this section.

If F is an extremal VSDWE then the zeta function Z = Zr can be
explicitly computed. First, some notation. If F'is a VSDWE of minimum
distance d and P = Py is its zeta polynomial then define

P(T), Type I,

o) — 4 P =27 +27%), Type L,
=\ P(T)(1+372), Type 111,
P(T)(1 +2T), Type IV.
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Figure 1: Roots of the zeta polynomial for a self-dual [24, 12, 4] binary code.

Let (a),, = a(a+1)...(a+m—1) denote the rising generalized factorial and
write Q(T') = -, ¢;T7, for some ¢; € Q. Let

n(n,d;b) = (n = d)(d = b)pr1Aa/(n = b = Dpsa,

and
Aqg

(g —1)(n—b)p1’

where recall Ay denoted the coefficient of 2" %y? in the virtual weight enu-

merator F(z,vy).

2 (n7 d7 ba q) = (d - b)b+1

Theorem 42 (Duursma [D3]) If F' is an extremal VSDWE then the coeffi-
cients of Q(T') are determined as follows.

(a) If F is Type I then

2m+-2v
2 ( Ry ) GT" = y1(n, d, 2)-(1+T)" (142T)" (14+2T+2T2)",
=0

wherem=d—3,dm+2v=n—4,b=q=2,0<v < 3.
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(b) If F is Type I then

4m+48v
) < A > GT" = (n, d,2)-(1+T)" (142T)" (14+2T+2T)" B(T)",
=0

where m =d—5,6m+8 =n—6,b=4,q¢q=2,0<v <2, and
B(T) =Ws(1+T,T), where Wy is as in Ezample 6.

(¢) If F is Type III then

2m+4v 4 +4
3 ( ety ) 4T = y(n,d,3,3) - (1 4+ 3T + 3T B(T)",

m—+ 1
i=0

where m = d—4,dm+4v =n—4, b =q =3, 0 < v < 2, and
B(T) =Wy(1+T,T), where Wy is as in Example!0.

(d) If F is Type VI then

m+2v
2 ( 37:11?/ ) ¢T" = va(n,d,2,4) - (1 +2T7)" (1 + 2T + 47%)",
=0

wherem=d—3,3m+2v=n—3,b=2,q=4, and 0 <v < 2.

It is easy to determine (especially with a computer algebra system such
as SAGE) the coefficients ¢; and p; from these expressions. So, for the virtual
extremal codes, Duursma has computed all the Duursma zeta functions. Yet,
we still don’t know if the RH holds for them!

Define the ultraspherical polynomial C]*(x) on the interval (—1,1) by

CM(cosb) = Z ( m;k )( ng ) cos(k — €)6.
0<ktlt<n
kE+l=n
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Theorem 43 (Duursma [D3], section 5. 2@) If P is the Duursma zeta poly-
nomial of an extremal Type IV virtual self-dual weight enumerator of length
n = 3m + 3 and minimum distance d = m + 3 then

gy oml® o TH+T!

(Recall that, in this case, Q(T) = P(T)(1+2T).)

).

It’s known that all the roots of ultraspherical polynomials C]" lie on the
interval (—1,1). The polynomial CJ* is degree n and so there are n such
roots. Replace T by €% in the equation displayed in the Theorem above to

obtain
m?

Hence, all the roots of @), therefore also P, lie on the circle of radius 1/,/q =
1/2. Indeed, the RH holds for all zeta functions associated to an extremal
Type IV VSDWE (Duursma [D3]).

Let R(T) = P(T/\/q) = S°29 7 T% This polynomial R is self-reciprocal.
The self-reciprocal polynomials which have all their zeros on the unit circle
were classified in §2 of S. DiPippo, E. Howe [DH], yet we still don’t know if
the P(T) satisfy the RH or not! Basically, to use their classification you need
to know the zeros of H(z), where R(T) = T9H(T + T~'). By the theorem
below, this function H can be explcitly described as a sum of ultraspherical
polynomials. Though we know the zeros of the terms, we don’t know the
zeros of the sum in general.

emC™ (cos B).

Theorem 44 (Duursma [D3]) If the a;’s (1 < j < g) are defined by

29 g .
20 4+2d —4 N\ 2 e 25 \7! —1\2j
Z”( o )T T e () e

i=0 Jj=0
then
29 +2d—4 2 2% 2 ¢ g+d—2\"2 giaji ~1
< g+d—2 )Z”T =1 ZO‘J’( j ) G T AT,
i=0 Jj=0

16 A typo in [D3], §5.2, is corrected here.
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Since g +d = 5 + 1, these expressions can be simplified a bit, if desired.
Also, in §5.2 in [D3], Duursma explicitly computes the a;’s in each case (Type
I, II, 111, and IV).

Using computer computations, Harada and Tagami [HT] (among other
things) that RH holds for all zeta functions associated to extremal Type I,
I1, TIT VSDWES of degree < 200.

4.3 “Random divisible codes”

Following Theorem 4 in Duursma [D5], we show that the Duursma zeta
function of a “random divisible code” satisfies the RH.

Define the (virtual) weight enumerator of the [n, k], random b-divisible
code by

n/b

n n i n—bi_ bi
F@w%=%+%§:(bi>@—1fleﬂ
i=1

where ¢ is choosen so that F'(1,1) = ¢* and n is a multiple of b. Of course,
by the classification of b-divisible codes (see Theorem [13), this weight enu-
merator may not correspond to an actual linear code.

Duursma shows that in the following cases the zeta function Zg(7T') sat-
isfies the RH: n is even, k = n/2 and

® ¢=2,b=4,
®qg=3,b=3,
e g=4,b=2.

For details, see Duursma [D5], Theorem 4.

4.4 A fsd [26,13,6],-code

Moreover, in this case the Riemann hypothesis is not valid for optimal codes
(which may or may not be extremal) in general, as the following example
illustrates.

Example 45 Consider the [26,13,6]s code with weight distribution
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[1,0,0,0,0,0,39,0,455,0, 1196, 0, 2405, 0, 2405, 0, 1196, 0, 455, 0, 39, 0, 0, 0,0, 0, 1].

This is (by coding theory tables, as included in SAGE [S]) an optimal formally
self-dual code. This code C' has zeta polynomial

3 6 611 9

3441 6448 44499
P(T) = T T2+ — 734 ——— 74 T° T
() 17710 + 8855 + 336490 + 2185 + 408595 + 408595 + 1634380
22539 7 66303 5y 22539 7 44499 10 51584 i1
520030 1040060 260015 408595 408595
55056 _r 288 71 19552 - 768 715 4 384 -
408595 2185 168245 8855 8855

Using SAGE, it can be checked that only 8 of the 12 zeros of this function
have absolute value /2.

4.5 Extremal codes of short length

In this section, we give some examples using SAGE.
These do not satisfy P(1) = 1 but use the formulas in Theorem 42 above:
For the [24,12,8], VSDWE:

_ 2710, 279 , 1078 , 4 g7 , 197 76
PT) = T4 T+ T 4 1T+ T
+@T +33592T +@T +MT +MT+ 15504 °

For the [26,13,8] VSDWE:

_ 32 12 32 1l | 4 10 496 9
P(T) = Gier Lt assl Tl il T
393 8 | 31 7 | 281 46 | 31 A5
Tosml tagil T ol taesl T
393 4 62 3 1 g2 1 1
Toomsal t 3 LT+ gl Tt s L ags3a

For the [28,14,8], VSDWE:

— 16 14 16 13 224 12 96 11

P(T) o 531%3;9 —i_1017717;91 +91442127; :480%21; t
—i_lg§438;Zj —29%48585T +34164928T4 + 52(9037; +
+2857J6T + 594132T + 1%07504T + 4807T +

724 1
+14421T + 7sit T ms01
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Let R(T) = Q(T/\/q), so R(T) = >, rT" is self-reciprocal. Some ex-
amples of the lists of coefficients r¢, 1, ..., computed using SAGE. We have
normalized the coefficients so that they sum to 10 and represented the ratio-
nal coefficients as decimal approximations to give a feeling for their relative
sizes:

e Case Type I:
m = 2: [1.1309, 2.3990, 2.9403, 2.3990, 1.1309]
m = 3: [0.45194, 1.2783, 2.0714, 2.3968, 2.0714, 1.2783, 0.45194]
m = 4: [0.18262, 0.64565, 1.2866, 1.8489, 2.0724, 1.8489, 1.2866,
0.64565, 0.18262]
e Case Type II:

m = 2: [0.43425, 0.92119, 1.3028, 1.5353, 1.6129, 1.5353, 1.3028,
0.92119, 0.43425]

m = 3: [0.12659, 0.35805, 0.63295, 0.89512, 1.1052, 1.2394, 1.2854,
1.2394, 1.1052, 0.89512, 0.63295, 0.35805, 0.12659]

m = 4: [0.037621, 0.13301, 0.28216, 0.46554, 0.65783, 0.83451, 0.97533,
1.0656, 1.0967, 1.0656, 0.97533, 0.83451, 0.65783, 0.46554, 0.28216,
0.13301, 0.037621]
e Case Type III:
m = 2: [1.3397, 2.3205, 2.6795, 2.3205, 1.3397]
m = 3: [0.58834, 1.3587, 1.9611, 2.1836, 1.9611, 1.3587, 0.58834]
m = 4: [0.26170, 0.75545, 1.3085, 1.7307, 1.8874, 1.7307, 1.3085,
0.75545, 0.26170]
e Case Type IV:
m = 2: [2.8571, 4.2857, 2.8571]
m = 3: [1.6667, 3.3333, 3.3333, 1.6667]
m = 4: [0.97902, 2.4476, 3.1469, 2.4476, 0.97902]

We conjecture that the (self-reciprocal) polynomials R(7') in the extremal
case have increasing symmetric form and full support.
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4.6 Non-self-dual examples

Consider the optimal binary code C' having parameters [6, 2, 4] and generator

matrix
001 11
¢= ( 110011 ) |
This has zeta polynomial P(T) = (2T% + 2T + 1)/5, as the following SAGE
computation shows.

1
0
+

SAGE

sage: R_CC = PolynomialRing(CC,"T")
sage: n =6, k=2, q=2

sage: C = best_known_linear_code(n,k,GF(q))
sage: C.zeta_polynomial()

2/5*T2 + 2/5 *T + 1/5

sage: [abs(z[0]) for z in R_CC(C.zeta_polynomial()).root sQ]
[0.707106781186548, 0.707106781186548]
sage: C.weight_enumerator()

X6 + 3 *X2=*xy4

sage: Cd = C.dual_code()

sage: Cd.zeta_polynomial()

2/5«T2 + 2/5 T + 1/5

sage: Cd.weight_enumerator()

X6 + 3*X4*xy2 + 8*xX3*xy3 + 3 *xX2*y4 + y6
sage: n =7, k =4, q =2

sage: C = best _known_linear_code(n,k,GF(q))
sage: C.zeta_polynomial()

2/5«T2 + 2/5 T + 1/5

sage: C.weight_enumerator()

XT + 7 *X4xy3 + 7 X3 xy4 + y7
sage: Cd = C.dual_code()

sage: Cd.zeta_polynomial()

2/5«T2 + 2/5 T + 1/5

sage: Cd.weight_enumerator()

X7 + 7 X3 *xy4

sage: h = 8 k =4;,q =2

sage: C = best_known_linear_code(n,k,GF(q))
sage: C.zeta_polynomial()

2/5«T2 + 2/5 T + 1/5

sage: C.weight_enumerator()

X8 + 14 *X4 xy"4 + y'8

sage: Cd = C.dual_code()

sage: Cd.zeta_polynomial()
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2/5«T2 + 2/5 *T + 1/5
sage: Cd.weight_enumerator()
X8 + 14 *X4 xy"4 + y'8

Indeed, the optimal [6,2,4] code has the same zeta polynomial as the
Hamming [7,4,3] code. This satisfies the RH even though it is not even
formally self-dual. However, it does have the same zeta polynomial as the
optimal self-dual [8, 4, 4] code.

5 Chinen zeta functions

In the sections above, a virtual weight enumerator F' is associated with a zeta
function Z = Zp. In this section, two related zeta functions were constructed
by Koji Chinen. First, he constructed a zeta function Z = Zp, which we call
a “twisted Chinen zeta function”, associated to a twisted VSDWE F. (What
we call a “twisted VSDWE” he calls a “formal weight enumerator”.) Next, he
constructed a zeta function associated to any code C', which we call a “Chinen
zeta function”, which is essentially defined by combining the Duursma zeta
function of C' with that of its dual C* (some care is required to insure that
the functional equation leads to an extra symmetry property).

Here are the analogous result for Chinen zeta functions of the results
above.

Let C be any [n, k,d] code over GF(q) and let [n,n — k, d*] denote the
parameters of the dual code C*+. We assume they satisfy d > 2 and d* > 2.
Define the invariant weight enumerator by

i Ac(z,y) + ¢ Ags(z,y)
Ac(z,y) = < 1+qk_n/20

Note that Ac = Aqr = A o 0g4, by the MacWilliams identity. The Chinen
zeta polynomial Pe is the zeta polynomial Pp associated to the virtual weight
enumerator I = Ax. The Chinen zeta function is defined in terms of the
zeta polynomial by means of the following equation.

Tmax(O,d—dL)

Po(T) = (Po(T) + g¥/* 42442 P (1/qT)) . (14)

14+ qk—n/2
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Theorem 46 (K. Chinen [C3]) The Chinen zeta polynomial given by
above has degree 2 = n+2—2min(d, d*) and satisfies the functional equation

Po(T) = ¢"T* Po(1/4T).

By the functional equation, if d > d* then Pg(T) =

Po(T)+q" /214" ~dp_  (T)

1+qk—n/2

if d < d*- then Po(T) =

s and if d = d* then Po(T) =

1+qk:7n/2
Po(T)+¢* /2P, et (M)
1+qk n/2
Note that When T =1, P(1) = 1 and (by the functional equation),
P(1/q) = q9 = ¢%17/2. Thls implies Po(l) +n/2 It may be simpler

is to use the “averaged” zeta function

Pe(T) = (Pe(T) + Peu(T)) /2,
but this is not the Chinen zeta function.
Example 47 We use SAGE to compute the Chinen zeta polynomial of some

small optimal codes. We shall normalize the Chinen zeta function so that
Po(1) =1.

SAGE
sage: R_CC = PolynomialRing(CC,"T")
sage: n = 8, k =2;,q9=2
sage: C = best_known_linear_code(n,k,GF(q))
sage: P = C.chinen_polynomial()

sage: Cd = C.dual_code()

sage: Pd = Cd.chinen_polynomial()

sage: C.minimum_distance(); Cd.minimum_distance()

5

2

sage: P; P == Pd

2/5 xt'6 + 9/35 *t'5 + 4/35 *t'4 + 2/35 *t"3 + 2/35 *t"2 + 9/140 =t + 1/20
True

sage: [abs(z[0]) for z in R_CC(P * 1.0).roots()]

[0.707106781186548,
0.707106781186548,
0.707106781186547,
0.707106781186547,
0.707106781186547,
0.707106781186548]

sage: C.gen_mat()

po0011111]

[f1100111]

sage: CO = C.standard_form()[0]

sage: CO.gen_mat()
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The RH is (apparently) true since the zeros have absolute value (approxi-
mately) 1/v/2.
SAGE

sage: C = HammingCode(3,GF(2))
sage: C.chinen_polynomial()
(2*sqrt(2) *t°3/5 + 2 =*sqrt(2) *t°2/5 + 2 *t72/5 + sqri(2) *t/5 + 2 +t/5 + 1/5)/(sqrt(2) + 1

It can be easily shown that if C' is formally self-dual then Pr = Po. We
say C' (whether formally self-dual or not) satisfies the RH if its Chinen zeta
polynomial has all is zeros on the “critical line”.

For example, if C' is an MDS code then

Pe(T) = 1+ C]kfn/2_(1 A A}

If ¢"is MDS and n — 2d + 2 # 0 then the RH holds for the Chinen zeta
function.

Open Question 7 Let C be any code over GF(q). When is there a curve
X/GF(q) for which the zeta function of the curve (x is equal to the Chinen
zeta function Zg of the code?

Since the RH holds for (x (this is a well-known theorem of André Weil),
a necessary condition is that the code must satisfy the RH. See Example 9.7
in [D6] for two (self-dual) codes for which this holds.

Remark 8 For the “twisted case”, including detailed proofs and numerous
examples, please see Chinen [C2].

Open Question 8 [s the Chinen zeta function of a linear code C equal to
the Duursma zeta function of some self-dual code C'?

If yes, then of course the set of Chinen zeta functions would be contained
in the set of Chinen zeta functions.
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Example 48 We use SAGE to compute the Chinen zeta polynomial of some
indecomposible codes.

Consider codes which are generated by the matrix D,, (m even), defined
as follows.
SAGE

def d_matrix(m):
if not(is_even(m)):
raise ValueError, "%s must be even and >2"%m
M = int(m/2)
A = [[0] *2*i+[1] *4+[0] *(m-4-2 *i) for i in range(M-1)]
MS = MatrixSpace(GF(2), M-1, m)
return MS(A)

For example,

111 1000O0O0O0O0OO0OO0O
0011 110O0O0O0O0O0O0OQO0
Dy = 00001 T1T1T1O0O0O0O0O0O0
0 000O0OO0OOT1TT1TT1TT1TO0OTO0OO0OO
0O 000O0OOOOT1TT1TT1TT1TTO0OTO0
0000O0O0OO0OO0ODO0ODO0OT1TT1TT11
and the binary code generated by this matrix is a [14, 6, 4] code. You can see

it’s Chinen zeta function does not satisfy the RH:
SAGE

sage: n = 14; G = d_matrix(n); C = LinearCode(G); C

Linear code of length 14, dimension 6 over Finite Field of siz e 2
sage: C.spectrum()

[, 0,0, 0, 21, 0,0,0 35 0,0, 0,7 0,0

sage: PT = PolynomialRing(CC,"T")

sage: PC = C.chinen_polynomial(); rts = PT(PC).roots()

sage: PC

64/39 *t"12 - 32/429 +t"10 - 32/429 *t"9 - 160/1287 *t"8 - 64/429 {7 -
160/1287 *t'6 - 32/429 t'5 - 40/1287 *t°4 - 4/429 "3 - 2/429 xt2 + 1/39
sage: [z[0].abs() for z in rts]

[0.707106781186548,
0.707106781186548,
0.707106781186548,
0.707106781186547,
0.707106781186548,
0.707106781186548,
0.707106781186549,
0.707106781186548,
0.707106781186547,
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0.707106781186548,
0.814795710093010,
0.613650751723920]

In particular, the RH for the Chinen zeta function is not true for all inde-
composible codes.

5.1 Hamming codes

Chinen [C3] computed the zeta polynomial of the Hamming codes. Consider

the Hamming code C' = C,, having parameters [n = qqr%ll,n — 1, 3] over

GF(q), with r > 3. (When r = 2 the Hamming code is MDS and so has
already been computed.)
The Duursma zeta polynomial of the dual code is given by

Pou(T) = c- [1+n:<( ) (0

where the constant ¢ = ¢, is chosen so that P(1) = 1. This is Proposition
4.4 in [C3].

The Chinen zeta polynomial of the Hamming codes C,., (r > 3, ¢ > 2) is
given by

~ C

Po(T) = W(E(T) — qFy(T)), (15)

where

"~ (n—i-2 i+2-n/2ri o [ i+2 i

and

'S (n—i-3 — (i+1
Fy(T) = Z( g1 )ql”‘"ﬂzrw (d_l)T%

j= j=d—2

This is Theorem 4.5 in [C3].

1
SR
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Example 49 Here is the Chinen zeta polynomial of the Hamming [7, 4, 3]
code:
SAGE

sage: C = HammingCode(3,GF(2))
sage: C.chinin_polynomial()
(2+T2/5 + 2 *xsqrt(2) *Tx(T2/5 + T/5 + 1/10) + 2 *T/5 + 1/5)/(sqrt(2) + 1)

Theorem 50 (Chinen) The Chinen zeta polynomial of the Hamming codes
Crq (r >3, ¢ > 4) satisfies the RH.

This theorem is also true when r = 2 (¢ > 2), as a corollary to equation
(3.3) in [C3], since then C' is MDS.

Chinen’s proof of this theorem is too beautiful to omit at least a brief
sketch. We need the following remarkable result.

Proposition 51 (Chinen) If f(T) is a degree m polynomial of “decreasing
symmetric form”

f(T) =a+a T+ + (Zka + akTm_k —+ ak_le_k‘H 4+ 4 CLOTW7

with ag > ay > --+ > ax > 0 then all roots of f(T) lie on the unit circle
IT) = 1.

proof: We sketch a proof of a slightly more general result.
We need the following “well-known” result.

Theorem 52 (Enestrom-Kakeya [ASV]) Let f(T) = ag + a;T + + a3 T"
satisfy ag > a1 > > ap > 0. Then f(T) has no roots in |T| < 1.

We say a polynomial satisfying the condition

fD)=ao+a T+ +aT" + T  + ap T+ aT™, (16)

with ap > ax_1 > --- > ap > 0, has increasing symmetric form.

Write g(T) = ag + a;T + -+ - + a;,T* and let g*(z) = 2*g(1/z) denote the
reverse (or reciprocal) polynomial.
Claim: ¢g*(T) has no roots in |T'| < 1.
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proof: This is equivalent to the statement of the Enestrom-Kakeya Theorem
52l O

Claim: g(T) has no roots in |T'| > 1.

proof: This follows from the previous claim and the observation that the
roots of P(T) correspond to the inverse of the roots of ¢*(7"). O

Claim: |g(T)| < ¢*(T)] on |T] < 1.

proof: By the above claims, the function ¢(7") = g(7")/¢*(T") is holomorphic
on |T| < 1. Since g(T™') = ¢g(T) on |T| = 1, we have |g(T)| = |g*(T)| on
|T| = 1. The claim follows from the maximum modulus principle. O

Claim: The roots of T"g(T) + g*(T) all lie on the unit circle, r > 0.

proof: By the previous claim, 7" P(T) + P*(T) has the same number of
zeros as P*(T) in the unit disc |T] < 1 (indeed, the function Z2DELZD

P(T) -
1+ TI;,{D((TT)) has no zeros). Since P*(T) has no roots in |T| < 1, neither does

T"P(T)+ P*(T). But since T"P(T') + P*(T) is self-reciprocal (in this case),
it has no zeros in |T'| > 1 either. J(Claim)

C(Proposition)

To prove Theorem |50, Chinen explicitly computes the coefficients a; of
a normalized Chinen zeta polynomial f of C' = C,, and proves that it has
the above decreasing symmetric form. This implies the RH, as desired, The
proof of the above lemma and the explicit computation of the coefficients are
carefully worked out in [C3], which we refer to for details.

5.2 Golay codes

This section summarizes some of the results in Chinen [C3], §7.
The Chinen zeta polynomial of the [11,6,5] Golay code C' over GF'(3) is

V3-—1
14

Po(T) = (V3T +1)(3T% + 3T + 1).

Chinen also presents an explicit expression but complicated expression for
the Chinen zeta polynomial of the [23,12,7] Golay code C over GF'(2). He
also shows that both of these Chinen zeta functions satisfy the “Riemann
hypothesis”. The proof is by explicitly computing zeros, verifying the RH
numerically.
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5.3 Examples

We begin with a random example:

SAGE
sage: RT = PolynomialRing(CC,"T")
sage: MS = MatrixSpace(GF(2), 3, 8)
sage: G = MS([[1,0,0,1,0,1,1,0},[0,1,0,1,0,0,0,1],[0,0 ,1,0,1,1,1,0]])
sage: C = LinearCode(G)
sage: C.minimum_distance()
3
sage: Cd = C.dual_code(); Cd.minimum_distance()
2
sage: f = RT(C.chinen_polynomial())
sage: print [z[0].abs() for z in f.roots()]
[0.707106781186548, 0.707106781186548, 0.707106781186 548,
0.707106781186548, 0.707106781186547, 0.7071067811865 47]

sage: C.gen_mat()

[f0010110]

0101000 1]

00101110

sage: C.spectrum()

[1,0 0 1, 3, 2 0,1, 0]

sage: Cd.spectrum()

[1, 0, 3, 10, 7, 4, 5, 2, Q]

sage: C.chinen_polynomial()

2/7 6 + 4/21 *t'5 + 13/70 *t"4 + 17/105 =*t"3 + 13/140 =*t"2 + 1/21 =t + 1/28
sage: C.zeta_polynomial()

3/7*T5 + 3/14 *T4 + 11/70 *T°3 + 17/140 T2 + 17/280 *T + 1/56
sage: f = RT(C.zeta_polynomial())

sage: print [z[0].abs() for z in f.roots()]

[0.644472635143760, 0.644472635143761, 0.458731710756 610,
0.476718789722295, 0.458731710756610]

This next example is also random:

SAGE
sage: C = RandomLinearCode(8,3,GF(2)); C.minimum_distan ce()
3
sage: Cd = C.dual_code(); Cd.minimum_distance()
2

sage: C.spectrum()

[1,0, 0 1, 3, 2 0,1, 0]
sage: Cd.spectrum()

[1, O, 3, 6, 11, 8, 1, 2, O]
sage: C.chinen_polynomial()
2/7 6 + 4/21 *t'5 + 13/70 *t"4 + 17/105 =*t"3 + 13/140 =*t"2 + 1/21 =t + 1/28
sage: C.gen_mat()
001100 1]
01000110
[O0110011]

sage: C.zeta_polynomial()
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3/7+«T5 + 3/14 T4 + 11/70 *T°3 + 17/140 *T°2 + 17/280 *T + 1/56

The next example concerns a code which is formally self-dual but not
self-dual.

SAGE

sage: RT = PolynomialRing(CC,"T")
sage: MS = MatrixSpace(GF(2), 4, 8)

sage: G = MS([[1,0,0,0,0,1,1,0],[0,1,0,0,1,1,1,0],
[0,0,1,0,1,1,1,1],[0,0,0,1,0,0,1,0]])

sage: C = LinearCode(G)

sage: C.minimum_distance()

2

sage: Cd = C.dual_code(); Cd.minimum_distance()

2

sage: f = RT(C.chinen_polynomial())

sage: print [z[0]l.abs() for z in f.roots()]

[0.707106781186549, 0.707106781186547, 0.707106781186 547,
0.707106781186546, 0.707106781186547, 0.7071067811865 47]
sage: C.gen_mat()

[fO0O0O0OO011D0]

01001110

0p0101111]

00010010

sage: C.chinen_polynomial()

2/7 xt°6 + 2/7 +t'5 + 11/70 *t'4 + 3/35 +*t"3 + 11/140 =*t'2 + 1/14 =+t + 1/28
sage: C.spectrum()

[1, 0, 1, 4, 3, 4 3,0, 0]

sage: Cd = C.dual_code(); Cd.minimum_distance()

2

sage: Cd.spectrum()

[1, 0, 1, 4, 3, 4 3,0, 0]

sage: list_plot([(z[O].real(),z[0].imag()) for z in f.ro ots()])

The last command gives a plot of the roots:
Our last example is one for which the RH is false.

SAGE
sage: RT = PolynomialRing(CC,"T")
sage: MS = MatrixSpace(GF(2), 4, 8)
sage: G = MS([[1,1,0,0,0,0,1,1},[0,0,1,0,0,1,0,1],[0,0 ,0,1,0,1,1,01,[0,0,0,0,1,1,1,1]))

0

sage: = LinearCode(G)

sage: C.chinen_polynomial()

1/7 »t°6 + 1/7 =t'5 + 39/140 =*t'4 + 17/70 =t"3 + 39/280 *t'2 + 1/28 =+t + 1/56
sage: C.spectrum()

[1, 0, 0, 4, 6, 4, 0, 0, 1]

sage: Cd = C.dual_code(); Cd.minimum_distance()

2

sage: Cd.spectrum()
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Figure 2: Roots of the Chinen zeta polynomial for a formally self-dual [8, 4, 2]
binary code.

[1, 0,1, 0,11, O, 3, 0, O]

sage: C.minimum_distance()

3

sage: Cd = C.dual_code(); Cd.minimum_distance()

2

sage: f = RT(C.chinen_polynomial())

sage: print [z[0].abs() for z in f.roots()]

[1.19773471696883, 1.19773471696883, 0.70710678118654 7,
0.707106781186547, 0.417454710894058, 0.4174547108940 58]

sage: print [z[0] for z in f.roots()]

[0.0528116723604142 + 1.19656983895421 *,
0.0528116723604137 - 1.19656983895421 x|,
-0.571218487412783 + 0.416784644196318 *|,
-0.571218487412783 - 0.416784644196317 *|,
0.0184068150523700 + 0.417048707955401 *,
0.0184068150523701 - 0.417048707955401 *]

sage: C.gen_mat()

[f1000011]

[O0100101]

[O0010110]

0000111 1]

sage: C.chinen_polynomial()

U7 »t6 + 1/7 =t'5 + 39/140 =*t4 + 17/70 *t"3 + 39/280 +t"2 + 1/28 =+t + 1/56

sage: list_plot([(z[0].real(),z[0].imag()) for z in f.ro ots()])

The last command gives a plot of the roots:
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Figure 3: Roots of the Chinen zeta polynomial for a [8,4,3] binary code
violating the RH.

6 Appendix: Proofs

6.1 MacWilliam’s identity

Theorem 53 (MacWilliams’ identity): If C is a linear code over GF(q)
then
ACL(x7y> = |C(|_114C’(‘T + (q - 1):1/’:[' - y)

Before proving this we need a few definitions. Index the finite field GF'(q)
in some fixed way: GF(q) = {wo = O, w1, ...,ws—1}. The composition of
v=(v1,...,0,) € GF(q)" is defined by

COInp(U) = (807 R Sq—l)u

where s; = s,(v) denotes the number of components of v equal to w;. Clearly,

I si(v) = n, for each v € GF(q)". For s = (s0,...,8,1) € 29, let
Te(s) denote the number of codewords ¢ € C' with comp(c) = s. Define the
complete weight enumerator by

We(zoy ..y 2q-1) = Z zSO(C) . 22"__11(0) = Z Te(s)z - - 2,0

ceC sezZ4
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Sometimes, when it is convenient, we identify the variables z; with the vari-
ables z,,. This enumerator is related to the Hamming weight enumerator as
follows:

AC(I7y) = WC(%%---W)-

Let {1,a,a? ...,,a™ '} denote a power basis of GF(q)/GF(p). Let
¢ = (, = €™/? denote a p-th root of unity. If 3,7 € GF(q) are written
B = BotPriat +Bu-1a™ and v = Yotyiat Y™ (5 € GF(p),
v; € GF(p)), then we define the character xg : GF(q) — C* by

Xa(y) = At e,

Each character x of GF(q) is of this form, y = xg, for some unique § €
GF(q). In particular,

xi(y) = ¢,

which is for all v € GF(q) (hence also for v € GF(p)). For u,v € GF(q)",
define

Xu(v) = X1 (u - v),

and define the Fourier transform by

fly="3 xu(v)f(v),

vEGF (q)™

for any function f on GF(q)". Ifu = (u1,...,u,) € GF(q)", v = (v1,...,v,) €
GF(q)", then x,(v) = [Ti_; Xu (v;) This means that if f(u) = [[;_; fi(u;) is
a “factorizable” function then

n

flu) =TT filw).

=1

Lemma 54 (Poisson’s summation formula) If C' is an [n, k] code over GF(q)
then

S o) = ‘—(E,Zﬂc).

ceCt ceC
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Now we can start with proof of the MacWilliams identity. Define

Flu) =z zjq__ll(u),

SO

n
flw) =2 =TT filw),
=1

where s;; = 1 if u; = wx and = 0 otherwise. Another way to define f(u) is
as follows:

We have then

f(u) = ZvGG}j’(q)n Xu(v)f (V)
= H?—1 fi(ui)
= H?—l(Fq ' (207 BRI Zq—l))iv

where [}, is a ¢ X ¢ circulant matrix of elements of GF'(q) and (F}- z); denotes
its i-th component:

(Fy - (2055 2g-1))i = Z Xo; (W)20 = Z X1(wiw) 2.

weGF(q) weGF(q)

Poisson’s summation formula implies

1
WCJ_<Z(), . ,Zq—l) = WWC(F(I . (Z(), . ,Zq_1>).
Let x = zp and y = 2; = - - - = 2z,_;. It remains to note
q—1 .
qg—1, if a=0,
St ={ "]
— 1, if a #£0,
O
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6.2 Mallows-Sloane-Duursma bounds

We sketch a proof of Theorem [15/following Duursma [D3]. We shall restrict
to the Type 1 case for simplicity. (The Type 2 case is similar, but follow
modifications as indicated in [D3], §2.) We shall also assume that F' con-
tains the term y™ (the analog of the assumption that C' contains the all 1’s
codeword).

Some notation. If p(z,y) € Clz,y] then we define

pa)(D) = b5 50)

If o is any invertible 2 x 2 matrix and (u,v) = (z,y)o then

p((u,v)0")(D)F(u,v) = p(z,y)(D)F((z, y)o). (17)

Lemma 55 Fiz a homogeneous function f(x,y). For all i with 1 < i < e,
let a; # 0, b;, ¢; #, and d; be complex numbers satisfying (a;x + byy)™|(c;x +
dy)(D)f(z,y), for some integer m > 1. Then

e

[T+ bi)™ ([ T e + diy) (D) f ().

i=1 i=1

Note: This implies the result that Duursma claims in [D3], (5) (where his
equation, in his special case, has m = d* — 1 and e = ¢).

proof: Using (17), we may assume without loss of generality that d; = 0,
for all ¢, after making a suitable linear change of coordinates. Under the
coordinate transformation z = x/y, f(z,y) may be regarded as a polynomial
F(2) on PL. If f(z,y) = 2*y" % then F(z) = 2*, and an explicit calculation
allows one to check that D, f(z,y) corresponds to D,F(z).

The hypothesis (a;x + b;y)™|(c;x)(D)f(x,y) can be rephrased as saying
that the derivative of F' under has roots of multiplicity m at certain points.
Therefore the e-th order derivative of F' gives a function which has zeros at
these points of order at least m —e + 1. [J

Let F' be any VSDWE of length n and minimum distance d.

Note that if F'is as above then

v y(D)F(2,y). (18)
These equations (17) and (18) imply
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(u—0)*"M((g = Du—v)(D)F(u,v).

Taking v = x and v = (y, we have

(z =) (g = V)a — Cy)(D)F(z,y).
By Lemma 55, this implies

(=" — ") "l((q — 1’2" — ") (D) F (. y). (19)

Using equations (18) and (19) and reasoning similar to that used in the proof
of Lemma [55, we obtain

a(z,y)|p(z,y)(D)F(z,y),

where a(z,y) =y 2 — )41 and p(x,y) = y((q¢ — 1)°2° — y*). Com-
paring highest order terms in y in p(x,y)(D)F(x,y) (recall we assumed F
contains y"), we obtain d —b—1+b(d—b—1) <n —b— 1. From this, (3)
follows in the Type 1 case. This is the first part of Theorem The second
part follows from the first using properties of the greatest integer function in
a straightforward way. [

d—b—l(
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