BASES FOR RIEMANN-ROCH SPACES OF CYCLIC CURVES
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Abstract. Let C denote an algebraic curve with equation y" = f(x) and
D an eledtive divisor on C. We give an explicit constructive method for
computing a basis B of L(D). In particular, it is done in such a way that if
E < D is another e[edtive divisor, the basis Bg of L(E) so constructed will
be a subset of B. We plan to use this in future work to compute quotient
representations, with applications to AG codes. We use SAGE to compute an
example in some detail for a hyperelliptic curve.

In this paperﬁ, we give a simple procedure for computing bases of Riemann-Roch
spaces of divisors on cyclic curves, which we call the “pivot method”. The method
does not depend on the size of the genus of the curve, and strongly resembles the
Gauss elimination method for matrices. Though it is probably known to experts,
the formulation we present does not seem to have appeared explicitly in the lit-
erature. It seems to be a very specific version of Coates’ algorithm (see Coates
[C], Davenport [D], and Berry [B1]). Also, there are strong similarities to ideas
discussed in §3 of Berry [B2], though our calculations allow a more general class of
divisors.

A cyclic curve is an algebraic curve C such that there exist a normal cyclic
subgroup C, < Aut(C) such that g(C/Cy,) = 0. An equation of such curve can
be given by y™ = f(x). In the first section, we give a brief introduction to normal
cyclic curves and describe a simple algorithm to construct functions with prescribed
poles on such curves. This generalizes previous work of the first two authors for
hyperelliptic curves.

In the second section we use this construction to compute bases for Riemann-
Roch spaces on cyclic curves. In particular, for effective divisors D and E with
E < D, we compute bases B; of L(E) and By of L(D) such that B; C Bs.

The third section discusses the implementation of such algorithm in SAGE . Fur-
thermore, it contains two examples for hyperelliptic curves: one general example
on an interesting curve, and one more specific example where the calculations are
partially done using SAGE [S]. The algorithm described here is included in the file
rrbasis3.sage (implemented by the first author [J]), in the case of hyperelliptic
curves where the divisors are effective and the support of D does not contain any
points fixed by the hyperelliptic involution. We intend to implement the full version
of the algorithm in SAGE.

Notation: Throughout this paper C denotes a cyclic curve defined over a field k of
characteristic not equal to 2. Aut(C) denotes the group of automorphisms defined
over the algebraic closure of k.

1This paper is licensed under the Attribution-ShareAlike Creative Commons license,
http://creativecommons.org/about/licenses/meet-the- licenses.
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1. General background

This section both defines notation and recalls well-known facts about cyclic
curves.

A cyclic curve is an algebraic curve C' such that there exist a normal cyclic
subgroup C,, < Aut(C) such that g(C/C,,) = 0. Then G = G/C,, embeds as a
finite subgroup of PGL(2,C). The equation of cyclic curve can be given by the
following

1
(1.1) y" =h(z)= (z-—o)¥,0<d; <m.
i=1

Specifically, let C' be a smooth curve defined in affine coordinates by y™ = h(x),
where h(z) is a polynomial of degree d > 3. Then the discriminant of h(z) is
non-zero. We denote by n be the projective degree of the curve.

Let ¢ : C' — C denote the order m normal automorphism such that C,, = (1),
sending a point P = (z,y) € C to «(P) = P* = (z,&,y), where &, is the m-th
primitive root of unity. Let p : C — P! = C/C* denote the projection defined in
affine coordinates by (x,y) — z, so p~1(p(P)) = {P,«(P)}. A point P on C is
ramified with respect to p if and only if it is a fixed point of ¢.

When we say “ramification point”, we always mean ramification point with re-
spect to p, and when we say a point is “unramified”, we always mean that it is not
a ramification point with respect to p.

If h(z) has odd degree, then there is one ramified point at infinity, which we label
Py; if h(z) has even degree then there are two unramified points at infinity, which
we label Py and Fj§. For simplicity of notation, let P = P, in the odd degree case.

The following result summarizes some of what is known about the function field
F(C) and the affine coordinate ring F[C] = F|x,y]/(y™ — h(z)).

Proposition 1. (a) F[C] is finitely generated as an F[x]-module and is inte-
gral over Fx]. Moreover, as an F-vector space

F(C)=F(z) ®yF(x).

(b) FI[C] is finitely generated as an Fy]-module and is integral over Fy]. More-
over, as an F-vector space

F(C)=F(y)®zF(y) ®--- @z 1F(y).

(¢) If d is odd, the pole xy of y € F(y) has a unique extension Py to a to-
tally ramified place of degree 1 of C with ramification index e(Py/xzo) = d.
Moreover,

diVOO ((E) = 2P0, diVPo (y) = dP()

(d) Ifd is even, the pole xo of y € F(y) has two extensions Py, Py to unramified
places of degree 1 of C with ramification indices e(P§/xo) = e(Po/xo) =
d/2. Moreover,

diveo(z) = Py + P, diveo(y) = (d/2) Py + (d/2) Py
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(e) If d is odd,

L(rPy) = Span{z'y’ | 2i+dj <r, 0>4, 0>j>d—1}.
2. Functions with prescribed poles on cyclic curves

We use the notation of the previous section. Let P = {xg, 1, ..., T, Typ1, ooy Trps ) C
P! denote a finite set, where 2,41, ..., 2,4, are branch points of p, 1, ..., z, are not
branch points, and g = oo € PL. For each p € p=!(P), let e, > 0 be an integer.
Let D be the effective divisor on C defined by
| I | I |
D= €p - D

z€P pep—1(z)
If = 2; € P and if p~'(z) contains two points, let €] = min,e,-1(,) e, and let
€; = MaXpe,-1(z) €p- I p~ 1 (x;) = {p} is a singleton, let e = 0 and e; = e,. In this
case, we have

D=ecoPy+eiPr...+¢e.P. +ejPy +elPf...+ e P
+er+1Pr+1 + ...+ er+sPr+s
where Py, ..., P, are finite unramified points, e; > e for: =0,...7r,and Pry1,... Prys
are finite ramified points. (Recall efj = 0if d is odd.) Let (z;,y;) be the coordinates
of P;, 1 <i<r. Noteif 1 <4 <7 then (z;,—y;) are the coordinates of P, and if
1> r then y; = 0.

Proposition 2. Let C be as above. Let D be an effective divisor on C as above
with the following properties:

(1) y1,-..,yr are all distinct

(2) e, >ef fori=0,...r

(3) e1+...+ep Zd/Q

(4) ers1,---,erys, and eg if d is odd, are either all even or all odd.

Then there is a function g with polar divisor D which is a linear combination of
functions of the form:

y
(e) oo (w—wi)®i”

(c) the monomial functions x'y? (i >0, j =0,1),

(d) the “mized” functions W (d; < e;).
i=o (T—Ti)™t
Remark 1. (a) If P = (a,b) is an affine ramification point for p then

(i) b=0 and a is a root of h,
(ii) 1/(x — a) has a pole of order 2 at P.
If P = (a,b) is an unramified affine point for p then
(i) b# 0 and a is not a root of h,
(i1) 1/(x — a) has a pole of order 1 at P and a pole of order 1 at P*.
(b) When d is even, C embeds into projective space using the (1,9 + 1,1)-
weighted projective model with coordinates (X,Y,Z) and equation

Y?=hn(X/2)Z4,

where v = X/Z, y =Y/Z%?. Assume h(x) is monic. Let ooy = [1:1:0]
and co— = [1 : —1 : 0] denote the two points at infinity. The coordinate x
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has a pole of order 1 at coi and co_; y has a pole of order d/2 at each of
these points. In particular,

y — ad/?
g+ (2, y) = Tz

has a zero of order 1 at ooy and

. y+xd/2
gJ%y)—W

has a zero of order 1 at co_.
(c) When d is odd, C has equation

Y% =h(X/2)Z¢,
where x = X/Z, y = Y/Z%, In this case,

<

9(z,y) = —a>

€T 2

has a zero of order 1 at co. Let co = [1:0: 0] denote the point at infinity.
At oo, x has a pole of order 2 and y has a pole of order d.

(d) If d is odd, the ramification divisor R has degree d + 1 (it is the effective
divisor given by the sum of the point at infinity plus all the affine points
(z,y) = (a,0), where a denotes a root of h(x) = 0). In this case, the
canonical divisor has degree d — 3.

(e) Ifd is even, the ramification divisor R has degree d (it is the same as in the
odd case above, but without the point at infinity). In this case, the canonical
divisor has degree d — 4.

Proof: Properties (1) and (3) ensure that for any point P, dimL(D — P) =
dim L(D) — 1, so there is a function with polar divisor D. We will construct such a
function out of the types of functions mentioned in the statement of the theorem.
Our method is reminiscent of row reduction for matrices.

First we consider some special cases.

o If (a) the support of D does not contain a point at infinity, (b) e; = e for all
unramified points and (c) e; is even for all ramified points (except possibly
at infinity), then D is the pullback (via p) of a divisor on P. Indeed, let

1 I
a = €; + 5)
P;j unramified P; ramified
and let p(z) be a polynomial of degree a with no roots among 1, ..., Zyqs.
Then the function

— )
(2.1) flzy) = 53 = :
i1 (T — ) i:r+1(x - wi)e'/Q
will have polar divisor D.
e If (a) the support of D does not contain a point at infinity, (b) e, = ef
for all unramified points and (c) e; is odd for all ramified points (except
possibly at infinity), then let
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— — I
a= € + 5 Ty
P;j unramified P; ramified
if d is even, and
 — .1 d+1
a = e; + —5 T g
Pj unramified Pj ramified

if d is odd. Let p(x) be a polynomial of degree a with no roots among
Z1,...,Zr4s. Then the function

(2.2) fry) = £=3 Py

7,":1(x — x;)e Z’::H(x — x;)(eit+1)/2

will have polar divisor D.

In the general case, where e; > e} for at least one unramified point P;, let

[ | —

e+ 95, d odd and eg even,
a= e+ 9t=4 dodd and ey odd,
=

im0 € — 5> d even,
and let p(x) be a polynomial of degree a in z with no roots among the z-coordinates
of the points in the support of D. Let

C_1 ) )
& — ;) 1<i<nr,

BZ(I) = (z — mi)ei/27 12> r, €; even,

(@ —x;) @ tD/2 i >r e odd.

We define a seed function as follows. Choose an initial index 7g > 0 such that
P;, is an affine unramified point on C and e;, > e} ﬁ. Let

fO7D( 7y) i:i ﬁl(x) .

Because of this, if e; is even for all ramified P; then dive(fo,p(z,y)) is

divoo(fO,D(x,y)) = eoPo(-i-e()P(}k) +e1 P+ €1P1* +...
+eio Piy + (eiy — 1) P + ... + e P 4 e, P}
1
+ er+iPr+i-
=1

If e; is odd for all ramified P;, then dive(fo,n(z,y)) is

2For future reference, by analogy with Gauss elimination/row reduction, we call the point Pi’;
a pivot point.



6 D. JOYNER, A. KSIR, AND T. SHASKA

divee (fo,p(z,y)) = eoPo(+eoPy)+e1Pr+erPf+ ...
+eiy Py + (€iy — I)P;; +..+eP+e.Pr
1
+ (6r+i + ]-)PrJri'
i=1

Now if ] < e;, — 1, we will pivot until the pole at P} is e; . Observe that the
function

1
fi,m(xvy) - (

T — )™
has

We call the f;, » the pivot functions (m > 0).

It follows from an expansion in terms of a local coordinate or from the usual
partial fraction decomposition of rational functions (see for example §5.11 in [GG])
that there is a constant ¢ # 0 such that the divisor of g = fo,p — ¢fig,e;, -1 18

diVoo(g) = 60P0(+€0P6k) + 61P1 + €1P1* +...
+ei Py, + (eiy —2) P + ... + e, P + e, P}
| I |
+ ertiPrii.
i=1

if e,4; is even, or

diVoo(g) = €0P0(+60P6k) +e1 P+ €1P1* +...
+ei Py + (eiy — 2) P + ... + e, P + e P
1
+ (€r+i + 1)Pr+i-
1=1

if e, is odd. Thus we have reduced the multiplicity of the pole at P} by one.
The constant c is determined by the following calculation: choose a local param-
eter ¢ such that t = 0 when (z,y) = P;; for example t = x — z;,. Expand fo p and
fio,ei,—1 as power series in ¢, so fo p(7,y) = a- t~¢otl4 higher order terms, and
Jinerg—1(x,y) = b- "%+ 4+ then ¢ = a/b.
Using the other pivot functions, we may compute constants ¢; such that the
function

fl,D(‘r>y) = f()(mvy)_clfio,eiofl(xay)
*Cino,ei0—2(xay) T T Gy fio,O(x7y)

has divisor



BASES FOR RIEMANN-ROCH SPACES OF CYCLIC CURVES 7

60P0(—|—€0P6k) +ePr+elPl+...
+ei Py + (€])) P 4 ... + e, P + e, P}

1
+  eryiPrgy,
i=1

diveo (f1,0(z,9))

if e,4; is even, or

60P0<+60P6k) +e P+ 61P1* +...

+ei Py + (€)) Pry + . +er P + e Py
1

+ (er-i-i + 1)P’I‘+i7

i=1

divee (f1,0(2,¥))

if e,4; is odd. In other words, we have reduced the order of the pole at the pivot
point P from e;, to e} .

Now, if there is one, choose a new index i1, 1 < iy < r, where P;, is unramified
and e;, # e; . Using f1 p and proceeding as above, we may compute fa p, reducing
the order of the pole at the new pivot point P} to e} . Proceeding inductively, in
this way we may reduce the orders of all of the poles at the finite unramified pivot
points. If d is even, and e # ep, then we may use P} as a pivot point with powers
of x as the pivot functions. By this procedure, we find a function which we will call
fr,p such that

diveo (fr.p(z,y)) = eoPo(+egPy) +eiPr+elPy+...
1
+€7-P7- + E:PT* + e7'+iPr+ia
=1

if e,4; is even, or

divee (frp(x,y)) = eoPo(+egPy) +eaPr+ei Py + ...
1
+e.Pr+e P+ (ergi+1)Pry,
i=1
if e,4; is odd. In the first case, we are done: dive(fr,p(x,y)) = D. In the second
case, we pivot once at each of the ramified points P,41,..., P-4 using the pivot
function frﬂ_’w to remove the one excess pole.

Summarizing, we have constructed an element gp € L(D) with pole divisor D,
as desired.

O
3. Bases of Riemann-Roch spaces for cyclic curves
Let C be a smooth hyperelliptic curve y? = h(x), as in section [2/ and
D =eyPy+er1Pr...+ e P(+e;P))+ et Py... + e P (+ery1Pri1)
be a divisor on C, where as in section [2, Pi,..., P, are finite unramified points,

and e; > e} for i = 0,...,r. In this section we only consider divisors D with at
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most one ramified point in the support of D. Thus if the degree d of h(x) is even,
we may have one finite ramified point P,;; in the support of D; otherwise if d is
odd, omit both terms in parentheses in the above expression.

If D satisfies the conditions of Proposition 2] then D is non-special, so by the
Riemann-Roch theorem, we have

dim L(D) = deg(D) + 1 — g.

Theorem 3. Let C and D be as above, and assume that D satisfies the conditions
of Proposition[2. Then there is a basis of L(D) consisting of functions which are
linear combinations of
(%) T ea
(b) am (0<m < fi),
(c) the monomial functions 'y’ (i >0, 7 =0,1),
(d) the "mized” functions %
Proof: By Proposition [2] we can construct an element by in L(D) of the required
form with polar divisor D. Now suppose that

(1) e =0fori=0,...r,

(2) er41 =0, and

(3) e1+...+e. = 4]
We will call such a divisor “minimal.” If D is minimal, deg(D) = [%£!| = g+ 1,
so dim L(D) = 2. The functions by, 1 form a basis for L(D).

Now suppose that D is not minimal. Then we can subtract a point P from D in
such a way that D — P still satisfies the conditions of Proposition[2l Then there is a
function by with polar divisor D— P. Because by and b; have different polar divisors,
they are independent. Now if D — P is minimal, deg(D) =1 + L%j =g+ 2, so
dim L(D) = 3. In this case the functions by, by, 1 form a basis for L(D). If D — P
is not minimal, we again subtract a point and continue in the same manner. In
the end, if deg D = m + L%j, we will have subtracted m points and constructed
m + 1 independent functions by, ...,b,,. Since dim L(D) = m + 2, the function
bo, ..., bm, 1 form a basis for L(D).

O

As an immediate consequence of the above proof, we have the following results.

Corollary 4. Let C and D be as above, so
D =eyPy+e1Pr...+ e, P(+eP)) + el Py... + e P (+ert1Pri1).

Let E < D be an effective divisor, so that Supp(E) C Supp(D), and if E is written
as

E=ayPy+a1Pr... + a,P-(+ajPy) + ai Py ... + a; P (+ar+1Pri1),
assume that a; > af fori=0,...,r. Then we can find bases By of L(E) and By of
L(D) such that By C By and each function is of the form described in Theorem|[3.

Remark 2. Note that the condition a; > af may not be true a priori, even if E
satisfies the conditions of Proposition|2.

Proof: Construct a basis of L(D) as in the proof of Theorem [3, but subtracting
the points in D — F first.
(]
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4. Implementation and examples

In this section we explicitly compute both by hand and using SAGE, showing
how the syntax can be used. You need the file rrbasis3.sage, which also has
examples included.

4.1. y?> = 2% + x over GF(5). Consider the genus g = 4 curve

(4.1) C: y*=2"+2, F=GF(5),

which has rational points

C(F) ={,(0,0),(2,2),(2,3),(3,1),(3,4)}.
Let P, = (2,2), Pf = (2,3), P, = (3,1), Py = (3,4). Consider the divisors
D =4P;+2P, and E = 3P; +2P,. We will use the above construction to compute
a basis of L(D) which contains a basis of L(E).

Taking P;* as our pivot point, we use the local coordinate ¢ = x — 2, which
vanishes at P;. We can compute the expansion of y in two ways: (a) from the
power series of y = —(xz+2°)1/2 or (b) by plugging a general power series expansion
with unknown coefficients into (4.1) and solving the “upper triangular” system of
equations recursively for the coefficients. This can be done using method (b) in
SAGE [S], as is shown below.

We will need local parameters about P;" and Ps.

Lemma 5. e Local parameters about Py = (2,3): We have

(4.2) r=t+2, y=3+32+>+3t* +3t° +3t" + 5 +2t° + O(¢') .
o Local parameters about Py = (3,4): We have

(4.3) r=t+3, y=4+32+3+3t* +3t° +3t" + 15 +2t° + O(+'?) .

Proof: This can be verified by a direct computation, plugging each set of equations
into y? — 2% — 2.
O
Using method (b) and SAGE we have:

SAGE

sage: attach "rrbasis3.sage"
sage: F = GF(5)
sage: pt = (2,3)
sage: A2 = AffineSpace(2, F, names = 'xy’)
sage: R = A2.coordinate_ring()
sage: X, y = R.gens()
sage: f = y2 - X9 - x
sage: C = AffineCurve_GF(A2,f)
sage: C.local_coordinates(pt,9)
[2+1 3+3 *t2+1t3+3 *t4+ 3 *t6+ 3 *t77 + 18+ 2 *t9 + 3 »t"11 + 3 *t"12]
sage: pt=(3,4)
sage: C.local_coordinates(pt,9)
B+t 4+4 *»t72+ 2 +t3 +4 4+ 4 +t6 +t7 +3 *t'8 + 4 »xt"9 + t"11 + t'12]

This is obtained by plugging in a power series with arbitrary coefficients into
f(z,y) = 0, thus obtaining an “upper triangular” system of non-linear equations.
This system can be imported into Singular [Si], which comes with SAGE , and solved
using Grobner bases techniques.
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Now that we have computed the local coordinates, we proceed to find bases of
L(D) and L(E). We have dim L(D) = dim L(4P, + 2P2) = 3 and dim L(E) =
dim L(3P, + 2P;) = 2, so we need to find one function with polar divisor D and
one function with polar divisor E.

First we find a function with polar divisor D. With P} as the pivot point, the
seed function is

_ _ y—3
fO(xvy) - fO,D(xa y) = (93 — 2)4($ — 3)2a
with polar divisor dive(fo) = 4P + 3P 4+ 2P> + 2P5, and the pivot functions are

1
(.’1? _ 2)m ’

each with polar divisor mP; + mPy, for m = 1,2, 3.
We use the previously calculated local coordinates and SAGE to calculate

div(fo,p — 3f2.2 —2f21) = 4P1 + 2P, + 2Py,

eliminating the excess pole at P;". Now we pivot at the point P;. Let the new seed
be

f2,m(xa y) =

fi.o(x,y) = fop(x,y) —3f22(x,y) — 2f2,1(z,y).
The new pivot functions are f3 ,,(z,y) = ﬁ, which has divisor mPy + mPy,
for i = 1,2. A similar SAGE calculation implies

div(fi,p(z,y) — f32(z,y) — f31(x,y)) = 4P1 + 2P,
This has eliminated the excess pole at Py. We take

bo(l‘,y) = fO,D(xay) - 3.f2,2($v y) - 2f273($, y) - f372(x,y) - f3,1($ay)
y—3 3 2 1 1
T (e—2%2—-32 (z-22 z-2 (z-3?2 x-3
to be our first basis element in L(D) = L(4P; + 2P5).
Now, we wish to find a function b; with polar divisor E. Again we will first pivot
on Pf. Let

— 3 * *
fo.p(z,y) = @,Qy)gw € L3P, + 2P + 2P, +2P5),

be the seed function and let fo (2, y) = ﬁ be the pivot functions. We again

use the expansion for x and y in terms of ¢ given in (4.3). A SAGE calculation
(omitted) shows that div(fo, g — f2,m) = 3P1 + 2P, + 2P5, so we have removed the
excess pole at P;". We now pivot around the point P;. Let the new seed be

fre(@,y) = fos(®,y) — f21(x,y) € L(3Py + 2P + 2P;)
and let fs ., (z,y) = W be the new pivot functions. Another SAGE calculation
(omitted) shows that

fre(x,y) —Afsa(z,y) = fsa(x,y) € LBPL + 2P,).
This has removed the excess pole at Py, so we are done. The new basis element is
bi(z,y) = fo,E(CU»3y) - f2,1(1ff7y) - illfg,z(ffa?l/) = f31(z,y)
y—
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Since the dimension of L(4P; + 2P,) is 3, we have only the constants left, so we
take {bg,b1,1} as a basis for L(D). As a consequence of the method, the subset
{b1,1} is a basis for for L(E).

In fact, this can be computed in SAGE using the commands:

SAGE

sage: F = GF(5)
sage: A2 = AffineSpace(2, F, names = 'xy’)
sage: R = A2.coordinate_ring()
sage: X, y =R.gens()
sage: f = y2 - X9 - x
sage: C = AffineCurve_GF(A2,)
sage: pts = C.rational_points(); pts
[0, 0), 2, 2), (2, 3), (3, 1), (3, 4)]
sage: D = C.divisor([(0,pts[1]),(0,pts[3])])

sage: E = C.divisor([(2,pts[1]),(4,pts[3])])
sage: b = riemann_roch_space(C,D,E)
sage: b

[ +y+Xx+X2+2 *xX3+3*xx4)/(4+ 4 *x+ 4+X2 + 3*X3 + x4+ 4 +X5 + xX6),
R+y+x+ X2+ 2 *X3+3*xX4)(2+x+4 *xX2+2*x3 + 2x*xx4 + X5)]
sage: C.divisor_of_function(b[0])
2x3+y, 3+x)-4 *x2+x 4+Yy)
sage: C.divisor_of_function(b[1])
lT+y,2+x)-2 *B+y, 3+x)-3 *x2+x,4+Yy)

The functions in b represent the basis elements of L(4P; + 2P») given by the func-
tions by and b; above. In future versions of SAGE , some of these commands may
have a different syntax.
5. Concluding remarks
We thank T. Berry for useful email communications and the NARC for partial
research support.
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